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Abstract
Mean field theories are one of the most successful methods used to describe
nuclear structure. Part of its success emerges from the introduction of corre-
lations thanks to the rupture of symmetries of the system. However, in order
to give a correct description of the system we must recover these symmetries
using beyond mean field methods (BMF). Moreover, these methods enable
to incorporate another kind of correlations. BMF methods are developed in
two directions in our calculations: the recovery of the symmetries broken at
MF approach and the incorporation of fluctuations around the most sensitive
states in the frame of the generator coordinate method (GCM).
The other ingredient needed to describe the nuclear structure is the interac-
tion used. In our case we use a ”universal” effective interaction, in particular
the Gogny energy density functional, which can be used throughout the whole
nuclear chart.
Our calculations involve GCM calculations using states with particle number
and angular momentum projection usinsg the nuclear deformations as degrees
of freedom. We develop these techniques in two main ways in this work.
The first one is the use of time reversal symmetry breaking wave functions
by means of the cranking procedure. As an application we calculate the
excitation energies of the lowest 2+ and 4+ states of the even-A magnesium
isotopes. As a result of the introduction of the cranking the theoretical values
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obtained coincide with the experimental ones. The cranking procedure also
enables to describe aligned states unreachable in previous calculations. In
particular we predicted correctly the recently measured 4+ state in the exotic
44S nucleus. Moreover, the diminution of the collectivity in the resulting wave
functions leads to a decrease of the electromagnetic transition probabilities,
which were too large in previous calculations. This is illustrated in the exotic
44S, as well as in the titanium isotopes.
The second contribution of this work is the application of this mechanism
to odd-A nuclei. Ground states properties such as binding energies, mass
radii and odd-even mass differences are obtained in a very good agreement
with experimental data. A detailed study is also performed in the 31Mg
nucleus at the border of the N=20 island of inversion, where ground states
and excited states are correctly described, including their electromagnetic
properties. Finally, we apply the configuration mixing method to the 25Mg
nucleus and we do a detailed comparison with other theoretical approaches.
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Resumen
Las aproximaciones de campo medio (MF) son uno de los me´todos ma´s ex-
itosos para describir la estructura de los nu´cleos. Parte de su e´xito radica
en la introduccio´n de correlaciones gracias a la ruptura de algunas de las
simetr´ıas del sistema. Sin embargo, para dar una descripcio´n correcta del
sistema es necesario recobrar estas simetr´ıas mediante el uso de me´todos ms
alla´ de campo medio (BMF). Estos me´todos permitira´n, adema´s, incorporar
otro tipo de correlaciones. Los me´todos ma´s alla´ del campo medio desarrol-
lados en este trabajo van en dos direcciones: La restauracio´n de las simetr´ıas
rotas a nivel de campo medio y la introduccio´n de fluctuaciones en torno
a las configuraciones ma´s probables mediante el me´todo de la coordenada
generadora (GCM).
El otro ingrediente fundamental para la descripcio´n del nu´cleo es la inter-
accio´n usada. En nuestro caso utilizaremos una interaccio´n efectiva ”uni-
versal”, en particular la interaccin´ de Gogny, que puede ser utilizada sin
modificacio´n en cualquier regio´n de la tabla de nu´cleos.
Los ca´lculos realizados hacen uso del me´todo de la coordenada generadora
usando funciones de onda proyectadas a buen nu´mero de part´ıculas y mo-
mento angular usando las deformaciones nucleares β, γ como coordenadas
generadoras. En este trabajo se ampliara´n los me´todos ma´s alla´ de campo
medio utilizados hasta el momento en dos formas:
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La primera es la ruptura de la simetr´ıa de inversio´n temporal mediante el
uso de funciones de onda de cranking. Como aplicacio´n se calcula la energ´ıa
de excitacio´n de los estados 2+ and 4+ de los nu´cleos pares de la cadena
isoto´pica de magnesio. La incorporacio´n del procedimiento de cranking nos
permite una excelente coincidencia con las medidas experimentales. Este
procedimiento nos permite tambie´n describir estados alineados no presentes
in ca´lculos previos. En particular predijimos correctamente el recie´n medido
estado 4+ del nu´cleo exo´tico 44S. Es ma´s, la disminucio´n de la colectividad
en las funciones de onda resultantes nos lleva a una reduccio´n de los valores
de las probabilidades de transicio´n, que eran demasiado altas en ca´lculos
previos. Esto se ilustra en el nu´cleo 44S as´ı como en la cadena isoto´pica de
titanios.
La segunda aportacio´n de este trabajo es la aplicacio´n de este mecanismo a
nu´cleos con un nu´mero impar de part´ıculas. Las propiedades de los estados
fundamentales as´ı como las energ´ıas de ligadura, radios de masa y diferencia
de energ´ıa de nu´cleos par e impar se obtienen con una coincidencia muy buena
con el experimento. Tambie´n se realiza un estudio detallado del 31Mg en el
borde de la isla de inversio´n N=20, donde tanto los estados fundamentales
como los excitados se describen correctamente, as´ı como las probabilidades
de transicio´n electromagne´ticas. Por u´ltimo, se realiza un ca´lculo con mezcla
de configuraciones en el nu´cleo 25Mg y se hace una comparacio´n detallada
con otros modelos teo´ricos.
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Chapter 1
Introduction
1.1 Motivation and Objectives
With the development of new experimental techniques in Nuclear Physics,
properties of exotic nuclei have been recently measured. The term ”exotic”
alludes to those nuclei far from the nuclear valley of stability, covers isotopes
with an excess of protons and neutrons, and super-heavy nuclei. Theoretical
approaches must be improved in order to explain the recent results. More-
over, the development of theoretical tools is of great importance to predict
new states which cannot be measured (or have not been measured yet) but
are believed to exist in other parts of the universe.
Among the main important approaches there are the ab initio ones, the shell
model approaches and self consistent mean field (and beyond) based ones.
This work belongs to the latter.
1
2 Chapter 1. Introduction
In self-consistent mean field (SCMF) approaches we consider the nucleus
as a non-interacting system of particles (or quasi-particles) in an external
potential. This potential is obtained with effective interactions and making
use of methods such as the Hartree-Fock (HF) or Hartree-Fock-Bogoliubov
(HFB). This basic mean field approach is a powerful tool to describe global
properties of atomic nuclei such as masses, radii... One of the key points that
makes this approach so powerful is the incorporation of correlations through
the symmetry breaking mechanism; i.e. we increase the variational space to
allow solutions which break some symmetries of the Hamiltonian. This has
some disadvantages like the increasing of the computational effort and the
fact that the solution do not posses the good quantum numbers. In addition
we cannot describe some phenomena observed like shape coexistence with
a HF-type solution (product-like solution). To solve these issues Beyond
Mean Field Methods (BMF) are used. Their two main ingredients are the
recovery of the symmetries broken at mean field level and the incorporation
of fluctuations around the most probable values by means of the Generator
Coordinate Method (GCM).
We use these methods to study different nuclear systems. The intrinsic wave
functions are found by the Particle Number Variation After Projection (PN-
VAP) using the Gogny Density Functional with the D1S parametrization.
This depend on several parameters, which are the generator coordinates,
and form the basis used in the GCM.
In this work we develop these tools in two main ways.
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1. The first one is to allow time reversal symmetry breaking at mean
field level thanks to the cranking procedure. This provides an addi-
tional degree of freedom which is used in the configuration mixing.
The two main important consequences are the achievement of an accu-
rate description of the nuclear spectra and the possibility to describe
single-particle character states, not present in previous calculations.
2. Application of this mechanism to systems with and odd number of pro-
tons or neutrons, which have not done before with an exact blocking
PN-VAP wave function. Apart form an accurate description of the nu-
clear spectra, we carry out systematic studies in isotopic chains, obtain-
ing fascinating results on properties such as odd-even mass differences,
binding energies per nucleon, magnetic and quadrupole moments...
1.2 Organization of contents
This thesis is organized as follows: On the second chapter we introduce the
different theoretical approximations used to solve the nuclear many-body
problem, and the different interactions used. Our type of approximation will
be studied with detail in chapter 3 (Mean Field and Beyond Mean Field
approximations). Chapter 4 is devoted to the symmetries imposed in our
system, which is a key part of our work, and allows to reduce the complexity
of the calculations. On chapter 5 we introduce the concept of blocking and
how is employed in our calculations to solve systems with an odd number
of particles, which is one of the most important developments of this work.
4 Chapter 1. Introduction
Chapter 6 is used to specify which elements of the theory seen in chapter 3
are used in these work, giving details and expressions which are necessary to
follow the results of our calculations.
The following chapters are devoted to the results. We divide them in two
main parts. First part shows the effect of time reversal symmetry breaking
in systems with an even number of particles. This time reversal breaking is
done with the inclusion of the cranking term. The second part is devoted to
odd nuclei.
We also include several appendix. There are two main ingredients to be
calculated in our theory; the expression of the norm overlap and a general
operator expected value between particle and angular momentum projected
GCM-type states. Both expressions are given with great detail (for even
and odd systems) in Appendices A and B. Appendix C applies the results in
A and B to calculate de Hamiltonian expected value;i.e. the energy of the
system.
Chapter 2
Nuclear Models and
interactions
In this work we consider the nucleus as a system of protons and neutrons. To
solve the nuclear problem we need two main ingredients. The first one is to
know the interaction between its constituents, and the other is the theoretical
method to solve the problem. However, both are connected.
Several approaches have been proposed, and are more or less suitable de-
pending on the mass region and the properties described. Among the most
important we find ab initio methods [1], shell model ones, and self consistent
mean field approaches. In the light mass region, the former are the most
widely applied. They use bare nuclear interactions , although these can be
previously regularized. For the rest of the regions shell model and mean field
approaches are the most used, and are performed with effective interactions.
5
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In the first section we give a brief overview of these methods. In the last
section we discuss the different effective interactions which can be used in
the mean field based ones.
2.1 Other nuclear models
2.1.1 Ab initio methods
The relevant degrees of freedom for nuclei are protons and neutrons, which
are not fundamental particles but complex objects made of quarks, anti-
quarks and gluons. In this way, the strong interaction among nucleons is
only an effective interaction which emerges non-perturbatively from QCD.
These potentials include spin, isospin, tensor, spin-orbit, quadratic moment-
dependent, and charge-independence-breaking terms. They depend on cer-
tain parameters which are fitted using the huge amount of NN scattering
data collected such as phase shifts, and the deuteron binding energy.
The most advanced models rely on low-energy effective fields theory (EFT)
of the QCD, chiral EFT [2]. This theory has an infinite number of terms
and cannot be renormalized. Ab initio calculations can be done exactly for
the lightest nuclei (A=3,4) [3–6]. However in last years there has been much
progress and have been apply also to other nuclei. For example for nuclei
up to A ≤ 12 the Green’s Function Monte Carlo Method (GFMC) [7–9]
has been applied. The No-Core Shell Model (NCSM) with its importance-
truncate extension has been used in oxygen isotopes [10]. Now, a big effort
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is being done in other extensions such as the symmetry-adapted NCSM and
no-core shell model [11] and the no-core Monte-Carlo [12].
Also in the calcium region methods as Coupled Cluster (CCM) [13–17] , the
Self-Consistent Green’s Function (SCGF) [18] and the In-Medium Similarity
Renormalization Group (IM-SRG) [10, 19, 20] have been applied with high
accuracy.
Not only bound-state properties of nuclei are properly described, but also
methods such as Faddeev [21] , Faddeev-Yakubobsky [22,23], Alt-Grassberger
and Sandhas (AGS) [24] and Hyperspherical Harmonics (HH) [25] have in-
cluded continuum degrees of freedom in A=3,4 systems.
In other mass regions other approaches have to be used at the moment.
2.1.2 Interacting shell model
Both mean field approaches and shell model approaches, describe the nucleus
as a system of fermions moving in an external potential generated by the rest
of the nucleons. Bare realistic interactions cannot be used in methods such
as HF because of the nearly divergent repulsive behavior at short distances.
Nuclear shell model [26] is based on the experimental evidence of extra bind-
ing energies in some precise values of the neutron a proton numbers. These
numbers are known as magic numbers. To explain this fact, a model of inde-
pendent nucleons moving in an harmonic oscillator potential plus a strong at-
tractive spin-orbit term is proposed. We construct the wave function solution
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(which is a Slater determinant) by filling the lowest orbits of the potential.
However new effective nucleon-nucleon interactions have been constructed
that contain both two and three-body contributions. The two-body terms
are derived from realistic potentials (are consistent with two nucleon data),
and the three-body contribution incorporate the monopole terms necessary
to correct the bad saturation properties of the realistic interactions. As the
number of nucleons grows the Hilbert space becomes intractable and it has to
be reduced in some way. The system is divided into a core (completely full)
and a valence space; where the problem is solved. In each of valence space
an effective interaction is used which is fitted using experimental data. Some
examples [27] are the TBME,POT,PWBT in the ”p” valence space, the USD,
USDA, USDB,SDPOTA in the ”sd” shell, the FPMG,GCFP in the ”pf” shell,
or in heavy region interactions such as GCN28-50 in the r3 − g9/2(d5/2) and
GCN50-82 in the r4 − h11/2. This model provides a very precise description
of the nuclear spectra. However the need of experimental data to refine the
different interactions in each valence space reduces its predictive power. In
addition, the applicability regions are limited to those close to magic num-
bers, where the valence space is small enough to be tractable. However, it is
now possible to diagonalize matrices in determinantal spaces of dimension-
ality up 109, which makes more regions accessible to these approaches. In
addition many new approximation methods have been developed in order to
overcome the dimensionality limitations.
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2.2 Phenomenological effective interactions
As we said, due to the repulsive divergent character at short distances, bare
nucleon-nucleon interactions cannot be used directly in many-body theories.
Effective interactions must be used instead. We can obtain these interac-
tions by a more fundamental point of view; with the renormalization of the
bare nucleon-nucleon interaction, or in a phenomenological way, proposing
a functional dependent of several parameters and fitting them to describe
global properties of selected nuclei or nuclear matter. The latter, on contrast
to those used on shell model calculations, are independent of the mass re-
gion, which provides them more predictive power. The most widely used are
Skyrme, Gogny and/or Relativistic ones.
2.2.1 Skyrme interaction
The Skyrme interaction has been widely used [28] to study masses, radii,
quadrupole deformations, fission barriers ...etc. It is a very short range in-
teraction (with a radial delta dependence δ(~ri − ~rj)). This reduces the com-
putational effort substantially. The interaction was first proposed with two
and three body terms [29–31]:
V =
∑
i<j
v2ij +
∑
i<j<k
v3ijk (2.1)
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In the momentum space:
〈~k|v12|~k ′〉 = t0(1 +x0Pσ) + 1
2
t1(~k+~k
′) + t2~k ·~k ′+ iW0(~σ1 +~σ2) ·~k ·~k ′ (2.2)
where ~k = 51−52
2i
acting to the right and ~k ′ = −~k but acting on the left. Pσ
in the spin exchange operator and ~σ are the Pauli matrices. In the coordinate
space;
v12 = t0(1 + x0Pσ)δ(~r1 − ~r2) +
+
1
2
t1[δ(~r1 − ~r2)~k2 + ~k ′2δ(~r1 − ~r2)] +
+ ~k ′ · δ(~r1 − ~r2) · ~k + iW0(~σ1 + ~σ2) · ~k ′ × δ(~r1 − ~r2) · ~k (2.3)
The three body term has the form;
v(1, 2, 3) = t3δ(~r1 − ~r2)δ(~r2 − ~r3) (2.4)
For a Hartree-Fock calculation with even nuclei this last term is equivalent
to;
v(1, 2)dens =
1
6
t3(1 + Pσ)δ(~r1 − ~r2)ρα(~r1 + ~r2
2
) (2.5)
where α is usually 1
3
or 1
6
. The different parameters of the Skyrme interac-
tion are fitted using experimental data. Depending which data we want to
reproduce a different parametrization can be used:
1. SI-SVI,SKV,SKa,SKb [31–34]
2. SKM,SKM*,SKP [35]
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3. SLy1-SLy10 [36]
4. SkI1-5 [37]
5. BSk1,MSk1-7 [38]
6. SLyMR0 [39] For multi reference calculations
One of the main disadvantages of the Skyrme interaction, which comes from
the short range of the force, is the inability to describe pairing interactions.
Therefore in mean field calculations it has to be incorporated ad hoc. Usually
for the p-p chaannel a contact term is used;
v(1, 2)pai = Gδ(~r1 − ~r2) (2.6)
This gives rise to a pairing field that has a volume character [40]. By adding a
density-dependent component, the pairing field becomes surface peaked [41]:
v(1, 2)pai = Gδ(~r1 − ~r2)[1− ρ(~r1)
ρc
γ
] (2.7)
where G, ρc, γ are also fitting terms. If ρc is chosen such that it is close to
the saturation density ρc ∼ ρ0(~r1 = 0), the pairing potential is small in the
nuclear interior, and the pairing field becomes surface-peaked. By varying
the magnitude of the density-dependent term, the transition from volume
pairing to surface pairing can be probed. In addition, as a consequence of
the zero range of the force the elements with high moments are very big and a
divergent behavior appears in this channel. To solve this a cut-off is included
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in this channel, so the only accessible space for the pairing is the one near
the Fermi level.
As we mentioned the HF part and the pairing parts are taken from different
functionals. This leads to problems when extending this approach beyond
mean field [42]. For example, in order to avoid divergences in the particle
number restoration, all terms (Hartree, Fock and pairing) of every term of
the interaction must be taken into account, which is not possible with the
Skyrme functionals.
2.2.2 Gogny energy density functional
Daniel Gogny proposed this interaction in 1973 [43] This is a finite range
density dependent force and has widely used in mean field and beyond bean
field with excellent results in the description of nuclear radii, binding energies,
nuclear spectra ... The form of the functional is the following [44,45];
V12 =
∑
ij
e−(~r1−~r2)
2/µ2i (Wi +BiPσ −HiPτ −MiPσPτ )
+ iWLS(~σ1 + ~σ2) · ~k × δ(~r1 − ~r2)~k
+ (1 + x0Pσ)δ(~r1 − ~r2)ρα(~r1 + ~r2
2
) (2.8)
where µi,Wi, Bi, Hi,Mi,WLS, t3, x0 are parameters that have to be fitted us-
ing experimental data and where ~k = 51−52
2i
, Pσ(τ) in the spin(isospin)
exchange operators. Spin orbit terms and density dependent terms coincide
in Skyrme and Gogny. However the central term (Brink Boeker) is of a finite
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range composed by two Gaussians and posses all possible spin and isospin
exchanges. This is the reason why the pairing terms appear naturally in this
functional. Therefore all terms (Hartree, Fock and pairing) can be extracted
from the same functional, avoiding divergence problems when restoring par-
ticle number. There are not many parameterizations of the Gogny density
functional (D1,D1’,D1S) and more recently D1M [46] and D1N [47]. D1N
was built so as to reproduce, at low densities, the neutron matter EOS pro-
vided by more fundamental approaches based on the bare nucleon-nucleon
force. D1M was fitted to accurately estimate nuclear masses, and for the
first time, the mass formula takes an explicit and self-consistent account
of all quadrupole correlations affecting the binding energy. More recently a
Gogny force with a finite-range density dependence (D2 parametrization) has
also been proposed [48]. The parameters of the different parameterizations
are listed on table 2.2.2. D1S parametrization is the most extended and is
the one used in this work. The fitting of the different parameters was done
taking into account [45,49]:
1. WLS with the splitting of levels p3/2 − p1/2 in 16O
2. The density dependent term with the energy difference of d3/2 − p1/2
in 16O
3. Symmetry term with the energy difference of 2s1/2(neutron)−p1/2(proton)
in 48Ca and with nuclear matter properties.
4. Brink Boeker term using saturation properties of 16O and 90Zr,the
spectra of the former, the binding energy per nucleon and the saturation
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D1 µi Wi Bi Hi Mi WLS t3
i=1 0.7 -402.4 -100 -496.2 -23.56
-115 1350
i=2 1.2 -21.30 -11.77 37.27 -68.82
D1’ µi Wi Bi Hi Mi WLS t3
i=1 0.7 -402.4 -100 -496.2 -23.56
-130 1350
i=2 1.2 -21.30 -11.77 37.27 -68.82
D1S µi Wi Bi Hi Mi WLS t3
i=1 0.7 -1720.30 -1300 -1813.53 1397.90
-130 1390.60
i=2 1.2 103.64 -163.48 162.81 -223.93
D1N µi Wi Bi Hi Mi WLS t3
i=1 0.8 -2133.488 -1800.000 -2537.205 1582.953
-115 1631.0
i=2 1.2 308.451 -316.444 437.075 -325.445
D1M µi Wi Bi Hi Mi WLS t3
i=1 0.5 -12797.57 14048.85 -15144.43 11963.89
-115.36 1562.22
i=2 1.0 90.95 -752.27 675.12 -693.572
Table 2.1: Parameters of the different Gogny parameterizations. The
index ”i” refers to each of the gaussians on expression 2.8. µ in fm,
Wi, Bi, Hi,Mi,WLS in MeV and t3 in MeVfm . For all parameterizations
α = 1/3 and x0 = 1.0.
Fermi moment in nuclear matter.
5. Pairing term using the Sn isotopic chain properties.
6. The height of the fission barrier for the second minima in 240Pu.
2.2.3 Relativistic Mean-Field
Finally relativistic mean field aproaches (RMF) [50, 51] have also been used
to perform systematic nuclear studies [52] The many-body state is built up
as an independent particle or quasi-particle state from single-particle wave
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functions. Now these are four-component Dirac spinors. Instead of the non
relativistic Schrdinger equation we now have an effective Lagrangian density.
From that the equations of movement are deduced. The interaction can be
point like or through meson fields. The Lagrange density of the latter is of
the form:
L = ψ¯(γ(i∂ − gωω − gρ~ρ~τ − eA)−m− gσσ)ψ
+
1
2
(∂σ)2 − U(σ)− 1
4
ΩµνΩ
µν +
1
2
m2ωω
2
− 1
4
~Rµν ~R
µν +
1
2
m2ρ~ρ
2 − 1
4
FµνF
µν (2.9)
with
U(σ) =
1
2
m2σσ
2 +
1
3
g2σ
3 +
1
4
g3σ
4 (2.10)
where ψ is the Dirac spinor. This expression contains the Lagrangian of the
free nucleons of mass m, the Lagrangian of the free messons (σ, ω, ρ) with
masses (mσ,mω,mρ), the electromagnetic field and non-linear self-interactions
of the σ field. The Lagrangian parameters are obtained by a fitting proce-
dure to some bulk properties of spherical nuclei. The most frequently used are
NL1 [21], NL-SH [53] and PL-40 [54]. The latter gives good results in fission
barriers. NL1 describes accurately regions along the beta stability line (bind-
ing energies, radii, and even superdeformed bands), but is worse far from this
region. The NL-SH improve this situation, and also describes deformation
properties in a better way. However it produces a slight over-binding along
the line of beta-stability and fails to reproduce the superdeformed minima in
Hg-isotopes. Another parametrization, NL3 [55], has produced an excellent
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agreement with the experimental nuclear masses, as well as the deformation
properties, reproducing for the first time the isoscalar monopole energies of
Pb and Zr nuclei. More recently a modification of this parameter set (the
NL3* [56]) was proposed, which improves the description of ground state
properties of many nuclei and simultaneously provides an excellent descrip-
tion of excite states with collective character in spherical as well as deformed
nuclei.
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Chapter 3
Mean Field and Beyond Mean
Field Methods
In the first section of this chapter we study in the first section the most general
mean field approximation; the Hartree-Fock-Bogoliubov Method (HFB). In
the second section we describe the general concepts of the Beyond Mean Field
approximations (BMF) used in our work; the Generator Coordinate Method
(GCM) and the projection methods.
3.1 Hartree-Fock-Bogoliubov Method
As we have seen, to solve the nuclear many-body problem we have to do
some approximations. In this chapter we will study the HFB method which
is the starting point of our calculation. In this theory we propose a trial
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wave function which is as a product of quasi-particles, and using the Ritz
variational principle we look for the best solution among them. Note that
the Ritz theorem guarantees obtaining the exact solution as long as it is in
the trial variational space.
3.1.1 HFB transformation
The simplest wave function we can propose to describe a fermion system is
a Slater determinant; i.e. an antisymmetrized product of one particle states.
The variational method applied to this system leads to the HF equations.
The solution corresponds to a system of non-interacting particles moving in
an external potential. In this approach only long range correlation (p-h cor-
relations) are included. If we want to include short range correlation (p-p
correlations) , without loosing this non-interacting picture, we can propose
a solution which is an antisymmetrized product of quasi-particles, obtain-
ing the HFB equations. The quasiparticles βµ are obtained by the general
Bogoliubov transformation [1]:
 β
β†
 =W†
 c
c†
 =
U † V †
V T UT

 c
c†
 (3.1)
where {c†ρ, cρ} is the set of particle creation and annihilation operators of an
arbitrary basis of the Hilbert space. The index ρ label the set of quantum
numbers of this basis (for example nx, ny, nz of a three dimensional har-
monic oscillator). In order to maintain the anticommutation relations for
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{β†ρ, βρ} the U, V transformation matrices must fulfill the following proper-
ties: W†W = I→
U †U + V †V = I , UU † + V ?V T = I,
U †V + V †U = 0 , UV † + V ?UT = 0 (3.2)
The Bloch-Messiah theorem [2] ensures that the previous transformation can
be written as three successive transformations:
1. A unitary D transformation between particle operators:
a†ρ =
∑
µ
Dµρc
†
µ (3.3)
2. A BCS type transformation:
α†k = uka
†
k − vkak¯ , αk = ukak − vka†k¯
α†
k¯
= uka
†
k¯
+ vkak , αk¯ = ukak¯ + vka
†
k (3.4)
where k, k¯ label canonical conjugate states.
3. A unitary transformation C between quasi-particles;
β†ρ =
∑
µ
Cµρα
†
µ (3.5)
26 Chapter 3. Mean Field and Beyond Mean Field Methods
These three transformations can be written
W =
D 0
0 D?

U¯ V¯
V¯ U¯

C 0
0 C?
 (3.6)
or
U = DU¯C V = D?V¯ C? (3.7)
These matrices U¯ , V¯ are of the special form;
U¯ =

0
. . .
0
u1 0
0 u1
. . .
un 0
0 un
1
. . .
1

(3.8)
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V¯ =

1
. . .
1
0 v1
−v1 0
. . .
0 vn
−vn 0
0
. . .
0

(3.9)
where each small box contains the u, v amplitudes for both signatures ui =
ui¯, vi = −vi¯. The states with ui = 0, vi = 1 are occupied states, while the
states with ui = 1, vi = 0 are empty states.
3.1.2 HFB equations
The most general (non relativistic) Hamiltonian Hˆ with one and two body
interactions [3];
Hˆ =
∑
µ1µ2
tµ1µ2c
†
µ1
cµ2 +
1
4
∑
µ1µ2µ3µ4
v¯µ1µ2µ3µ4c
†
µ1
c†µ2cµ4cµ3 (3.10)
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with v¯µ1µ2µ3µ4 = vµ1µ2µ3µ4 − vµ1µ2µ4µ3 is written in the quasi-particle basis:
Hˆ = H0 +
∑
µ1µ2
H11µ1µ2β
†
µ2
βµ†2+
∑
µ1<µ2
(H20µ1µ2β
†
µ2
β†µ2 + h.c) +Hint (3.11)
The indexes i, (j) in H i,jµ1µ2 matrices refer to the number of creation (annihi-
lation) operators β†(β). H int is the contribution of the rest of possible terms;
H31, H13, H40, H04, H22 .
The matrices H20 and H11 are related to the amplitudes U, V of the Bogoli-
ubov transformation 3.1 and 3.10 by:
H20 = U †(t+ Γ + δΓ)V ? − V †(t+ Γ + δΓ)TU?
+U †∆U? − V †∆?V ? (3.12)
H11 = U †(t+ Γ + δΓ)U − V †(t+ Γ + δΓ)TV
+U †∆V − V †∆?U (3.13)
where we defined the fields:
Γµµ′ =
∑
γγ′
v¯µγµ′γ′ργ′γ (3.14)
∆µµ′ =
∑
γγ′
v¯µµ′γγ′κγγ′ (3.15)
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and the density matrix ρ and the pairing tensor κ as:
ρµµ′ = 〈Φ|c†µ′cµ|Φ〉 = (V ?V T )µµ′ (3.16)
κµµ′ = 〈Φ|cµ′cµ|Φ〉 = (V ?UT )µµ′ (3.17)
(3.18)
The terms δΓ are called rearrangement terms and are a consequence of the ex-
plicit density-dependence of the Hamiltonian. Now we apply the variational
principle to
E[U, V ] =
〈Φ[U, V ]|Hˆ|Φ[U, V ]〉
〈Φ[U, V ]|Φ[U, V ]〉 (3.19)
to obtain the best U, V . However, thanks to Thouless theorem [4] we can
express any wave function |Φ′(Z)〉 non orthogonal to |Φ〉 using
|Φ′(Z)〉 = 〈φ|φ′(Z)〉e
∑
k<k′ Zkk′β
†
kβ
†
k′ |Φ〉 (3.20)
where Z is a skew symmetric matrix and depends on the amplitudes U, V .
Applying the variational principle Z is found (an therefore the best U, V ) [3]:
∂
∂Z?
〈Φ′(Z)|Hˆ|Φ′(Z)〉
〈Φ′(Z)|Φ′(Z)〉
∣∣∣∣∣
Z=0
δ(Z) = 0→ H20 = 0 (3.21)
where H20 was given in 3.13. As a consequence of the use of the HFB
transformation, which mixes creation and annihilation operators, the particle
number is not longer a good quantum number. If we want to conserve this
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number at least in average, we must use a modified Hamiltonian;
Hˆ ′ = Hˆ − λNNˆ − λZZˆ (3.22)
and instead of Hˆ minimize Hˆ ′ obtaining;
(H20 − λNNˆ20 − λZZˆ20) = 0 (3.23)
where λZ and λN are Lagrange multipliers and are found by the condition:
〈Φ|Zˆ|Φ〉 = Z , 〈Φ|Nˆ |Φ〉 = N (3.24)
and Z20(N20) = 〈Φ|[βk′βk, Zˆ(Nˆ)]|Φ〉. This is solved using the conjugate
gradient method [5]. We can extend this procedure to any desired operator
Qˆ, using as many Lagrange multipliers as we need, and solve the general
constrained HFB equation:
H20 − λNNˆ20 − λZZˆ20 −
∑
i
λiQ
20
i = 0 (3.25)
where in general, Q20i = 〈Φ|[βk′βk, Qˆ]|Φ〉.
It is believed that the largest energy dependence of the nuclear interaction
is related to the deformation parameters (β, γ), so the quadrupole moment
operators Qˆ20, Qˆ22 will be considered throughout this work. Their mean
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values q20, q22 are related to the deformation parameters by:
q20 =
β2 cos γ
C
; q22 =
β2 sin γ√
2C
;C =
4pi
3r20A
5/3
√
5
4pi
(3.26)
with r0 = 1.2fm . As in 3.24, the Lagrange multipliers λq0 , λq2 are found by
the condition
〈Qˆ20〉 = q20 ; 〈Qˆ22〉 = q22 (3.27)
Pairing fluctuations can be self-consistently incorporated as well as the quadrupole
deformations. The best operator to constrain in this case is [6–8] ∆Nˆ2 =
(Nˆ − 〈Nˆ〉2) operator, being Nˆ the number of particles, protons or neutrons,
as is closely connected with the pairing gap ∆.
3.1.3 Cranking approximation
Apart from a constraint in the quadrupole deformations, we can also add the
term −ωJˆx on the Hamiltonian, where ω is called the cranking frequency and
Jˆx is the x-component of the total angular momentum Jˆ . The addition of this
term breaks explicitly the time reversal symmetry. This term is important
for two main reasons:
1. Introduction of angular content on the wave function
Consider an even-even system. The absence of the cranking term in the
Hamiltonian H ′ is equivalent to use 〈Jˆx〉 = 0, and therefore all states
with no angular content are favored at mean field level. As a conse-
quence, when we recover rotational invariance (see next section),states
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with J 6= 0 are disfavored and the spectra is stretched. In odd nuclei
the absence of cranking also favors the wave functions with smaller an-
gular momentum and therefore the spectra is also stretched. We will
see that the inclusion of this term results in an improvement on this
matter.
2. Inclusion of aligned states
Single-particle effects through pair alignment are also included with the
cranking procedure. We will see that the inclusion of the cranking term
opens the possibility of including np-nh excitations coupled to angular
momentum different from zero, providing the possibility of studying
new states.
We can include angular momentum content in two different ways:
1. Constraining the expected value of Jˆx
Lets call the intrinsic angular momentum which is included in the wave
function Jc. Using the Kamlah expansion [9, 10] this angular momen-
tum content is given :
〈Jx〉 =
√
Jc(Jc + 1)− 〈Jˆ2z 〉 (3.28)
so the cranking frequency ω acts as a lagrange multiplier.
2. Fixing the cranking frequency . In this case we do not set a particular
angular momentum content.
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Both ways are studied in the present work.
3.2 Beyond Mean Field Methods
Product-type wave functions are easy to work with. However more complex
solutions must be proposed if we want to recover the symmetries broken and
include other type of correlations.
3.2.1 Generator Coordinate Method
In this method the solution is a superposition of product-type wave functions
[3] |Φ(~q)〉 labeled by a set of parameters {~q} = q1, q2... :
|Ψ〉 =
∫
f(~q)|Φ(~q)〉d~q (3.29)
The weights f(~q) are determined variationally by minimizing:
E[|Ψ〉] = 〈Ψ|Hˆ|Ψ〉〈Ψ|Ψ〉 (3.30)
This leads to the Hill-Wheeler-Griffin (HWG) equation [11,12]:
∫
(H(~q, ~q′)− EσH(~q, ~q′))f(~q)d~q = 0 (3.31)
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with the energy H and norm N overlaps:
H(~q, ~q′) = 〈Ψ(~q)|Hˆ|Ψ(~q ′)〉 (3.32)
N (~q, ~q′) = 〈Ψ(~q)|Ψ(~q ′)〉 (3.33)
and σ = 1, 2, ... labels all possible solutions of the eigenvalue problem 3.31 .
This equation is solved in the following way:
1. Diagonalization of the norm overlap N :
In this step we obtain the eigenvalues nµ and eigenvectors uµ(~q).
2. Take the uµ(~q)  nµ 6= 0. This conforms the natural basis {µ}
|µ〉 = 1√
nµ
∫
uµ(~q)|Ψ(~q)〉d~q (3.34)
3. Express the wave function |Ψ〉 in the natural basis.
|Ψ〉 =
∑
µ,nµ 6=0
gµ|µ〉 (3.35)
4. Diagonalize the Hamiltonian H in the natural basis:
∑
µ′,nµ′ 6=0
〈µ|Hˆ|µ′〉gσµ′ = Eσ|µ〉 (3.36)
In this last step we obtain the final eigenvalues Eσ. The relation be-
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tween these gµ and the f(~q) on eq 3.29 is:
fµ =
∑
nµ 6=0
gµ√
nµ
uµ(~q) (3.37)
3.2.2 Projection Methods
Lets suppose our Hamiltonian has a certain symmetry Sˆ: i.e. [Hˆ, S] = 0
. If we propose as trial wave functions |Φ〉 that are not eigenstates of this
symmetry, we will arrive at a solution which is also not an eigenstate of Sˆ,
this means;
Sˆ|Φ〉 6= Si|Φ〉 (3.38)
Although this has served to include important correlations in the system, the
final solution must be an eigenstate of all symmetries of the Hamiltonian.
One way of recovering the broken symmetries is by the projection technique
[3]. This consists on:
1. Apply the elements of the symmetry group T (α) onto the HFB w.f.:
|Φ(α)〉 = T (α)|Φ〉 (3.39)
2. The weights f(α) that convert the wave function into an eigenstate of
the desired symmetry and minimizes the energy are determined by the
corresponding symmetry [13]:
∫
f(α)|Φ(α)〉dα = |ΨS〉 → Sˆ|ΨS〉 = Si|Φ〉 (3.40)
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This defines the operator P S;
P S =
∫
f(α)T (α)dα (3.41)
An example is the particle number projector operator. In this case α = ϕ is
the gauge angle, T (α) = eiϕNˆ , f(α) = e
−iϕN
2pi
, so the projected function is;
|ΨN〉 = 1
2pi
∫ 2pi
0
eiϕ(Nˆ−N)|Φ〉dϕ (3.42)
The projection can be done after the minimization procedure in the so called
Projection After Variation (PAV) or before the minimization in a Variation
After Projection (VAP). The first approach is computationally less expensive.
We solve equation 3.23 obtaining the HFB solution and after we apply the
projection operator to recover the broken symmetry. If we call |ΦHFB〉 the
solution found by solving 3.23 , the PAV solution is
|ΦsPAV 〉 = P S|ΦHFB〉
. The PAV energy is given by;
ESPAV (~r) =
〈ΦHFB|(P S)†HˆP S|ΦHFB〉
〈ΦHFB|(P S)†P S|ΦHFB〉
=
〈ΦPAV |Hˆ|ΦPAV 〉
〈ΦPAV |ΦPAV 〉 (3.43)
We can calculate the mean value of any operator Oˆ by:
OSPAV (~r) =
〈ΦHFB|(P S)†OˆP S|ΦHFB〉
〈ΦHFB|(P S)†P S|ΦHFB〉 (3.44)
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On the other hand, on the VAP approach, the projection is done before the
minimization procedure, so we solve:
δ
(
〈Φ(~q)|(P S)†HˆP S|Φ(~q)〉
〈Φ(~q)|(P S)†P S|Φ(~q)〉 − λ~q〈Φ(~q)|
~ˆQ|Φ(~q)〉
)
= 0→ |ΦSV AP (~q)〉 (3.45)
We can calculate the mean value of any operator in this approach;
OSV AP (~r) =
〈ΦSV AP (~q)|Oˆ|ΦSV AP (~q)〉
〈ΦSV AP (~q)|ΦSV AP (~q)〉
(3.46)
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Chapter 4
Symmetries of the wave
functions
As we saw, the use of wave functions which are not eigenvectors of one or
more operators that commute with the Hamiltonian (symmetry violation)
allow to introduce important correlations. However the conservation of some
of these symmetries allow us to reduce the computational effort substantially.
Therefore it is useful to use a basis which conserves different symmetries of
the Hamiltonian. These symmetries are: third component of the isospin,
parity, simplex and the Π2Tˆ symmetry.
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4.1 Goodman Basis
On the first place we define the basis used. This is the so-called Goodman
basis [1]. The state |k〉 is the result of the creation of a particle in the vacuum
|−〉:
|k〉 = c†k|−〉 (4.1)
The state |k¯〉 is obtained by the action of c†
k¯
:
|k¯〉 = c†
k¯
|−〉 (4.2)
These operators follow the fermionic anticommutation relations. The states
|k〉(|k¯〉) can be divided into the spatial an spin parts as:
|k〉 = |nxnynz〉|Sk〉 , |k¯〉 = |nxnynz〉|Sk¯〉 (4.3)
The spatial part is the solution of the three dimensional harmonic oscillator
expressed in the Cartesian basis:
〈~r|nxnynz〉 = φnx(x)φny(y)φnz(z) (4.4)
with φni =
e
− x
2
i
2b2
i√
(2nini!bi
√
pi)
Hni(
xi
bi
) , where Hni are the Hermite polynomials [2].
The spin part;
|Sk〉 = i
ny
√
2
(| ↑〉 − (−1)nx| ↓〉)
|Sk¯〉 =
iny√
2
(−1)nx+ny+1(| ↑〉+ (−1)nx| ↓〉)
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where | ↑〉 and | ↓〉 represent the two possible values ±~
2
of the third compo-
nent of the spin Sˆz. The operators defined above have the following proper-
ties:
The action of the third component of the isospin Tˆ3:
e−iTˆ3c†µe
iTˆ3 = eit3µc†µ , e
−iTˆ3cµeiTˆ3 = eit3µcµ
e−iTˆ3c†µ¯e
iTˆ3 = eit3µc†µ¯ , e
−iTˆ3cµ¯eiTˆ3 = eit3µcµ¯ (4.5)
with
t3
 +1/2→ proton−1/2→ neutron
The spatial parity Pˆ :
Pˆ c†µPˆ
† = piµc†µ , Pˆ cµPˆ
† = piµcµ
Pˆ c†µ¯Pˆ
† = piµc
†
µ¯ , Pˆ cµ¯Pˆ
† = piµcµ¯ (4.6)
piµ
 +1→ positive parity−1→ negative parity
The Π2Tˆ with Π2 = Pˆ e−ipiJy , being Tˆ = Kˆ0eipiSˆy the time reversal operator,
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being Kˆ0 the complex conjugate operator: Tˆ c†kTˆ † = c†k¯
Π2Tˆ c†µ(Π2Tˆ )† = c†µ , Π2Tˆ cµ(Π2Tˆ )† = cµ
Π2Tˆ c†µ¯(Π2Tˆ )† = c†µ¯ , Π2Tˆ cµ¯(Π2Tˆ )† = cµ¯ (4.7)
The last is the simplex Π1 = Pˆ e
−ipiJx with eigenvalue sµ (which can be +i or
−i) .
Π1c
†
mΠ
†
1 = ic
†
m , Π1cmΠ
†
1 = −icm
Π1c
†
m¯Π
†
1 = −ic†m¯ , Π1cm¯Π†1 = icm¯ (4.8)
From now on we will use latin indeces to distinguish levels according to their
signature {k, l,m} (positive) and {k¯, l¯, m¯} (negative). We will use greek
indeces {ρ, µ} if we do not need to distinguish.
4.2 Imposed symmetries on quasi-particle op-
erators
We now impose these symmetries of the particle operators on the quasi-
particle ones.
The Π2Tˆ operator is antilineal. If β, β† fulfill 4.7 the amplitudes U, V implies
the amplitudes U, V are real quantities.
Now we turn to the implications of the rest of the operators seen in last
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sections; Pˆ ,Π1, e
−iTˆ3 . We divide them into two groups, whether they have
the same or different actuation on creation and annihilation operators. We
start with those operators Oˆ which have the same actuation on creation and
annihilation operators cµ and c
†
µ (these are Pˆ and e
−iTˆ3). If we impose this
symmetry also in the quasi-particle operators:
OˆβρOˆ
† = Oˆ(
∑
µ=1
Uµρc
†
µ + Vµρcµ)Oˆ
†
=
∑
µ=1
oµ(Uµρc
†
µ + Vµρcµ)
impose≡ oρβρ (4.9)
oµ must be equal for all µ and we call its value oρ.
oµ = oρ (4.10)
This means that the transformation does not mix quasi-particle with
different values of this operator Oˆ , and therefore matrices U and V can
be divided in blocks. The third component of the isospin is one example.
The possible eigenvalues are oρ = e
it3 = ±1 (+ for protons (Z) and - for
neutrons (N) ). The block structure of U and V is:
U =
UZ 0
0 UN
 ;
V Z 0
0 V N
 (4.11)
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Another example in the spatial parity. In this case oµ = piµ = ±1
U =
U+ 0
0 U−
 ;
V + 0
0 V −
 (4.12)
Finally, the simplex operator has a different actuation on the c†k and ck. We
impose the same relation 4.8 on the quasi-particle operators:
Π1β
†
kΠ
†
1 = iβ
†
k Π1β
†
k¯
Π†1 = −iβ†k¯ (4.13)
Expanding relation 3.1;
β†k =
M∑
m>0
Umkc
†
m + Vmkcm + Um¯kc
†
m¯ + Vm¯kcm¯ k > 0
β†
k¯
=
M∑
m>0
Umk¯c
†
m + Vmk¯cm + Um¯k¯c
†
m¯ + Vm¯k¯cm¯ k < 0 (4.14)
Using 4.8 on 4.14;
Π1β
†
kΠ
†
1 = i
M∑
k>0
{Umkc†m − Vmkcm − Um¯kc†m¯ + Vm¯kcm¯}
Π1β
†
k¯
Π†1 = i
M∑
k>0
{Umk¯c†m − Vmk¯cm + Um¯k¯c†m¯ + Vm¯k¯cm¯} (4.15)
Finally imposing now condition 4.13
Um¯k = Vmk = 0 Umk¯ = Vm¯k¯ = 0 (4.16)
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and we can write;
β†k =
M∑
m>0
U1mkc
†
m + V
1
mkcm¯ m = 1, ..,M
β†
k¯
=
M∑
m>0
U2mkc
†
m¯ + V
2
mkcm m = 1, ..,M (4.17)
where we defined;
Umk = U
1
mk Um¯k¯ = U
2
mk
Vm¯k = V
1
mk Vmk¯ = V
2
mk (4.18)
So the block structure of these matrices is;
U =
U1 0
0 U2
 V =
 0 V 2
V 1 0
 (4.19)
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4.3 Final block structure of U and V ampli-
tudes
To sum up, using the four symmetries described above, the matrices U and
V are real and can be separated in different blocks;
U =

UZ,+ 0 0 0
0 UZ,− 0 0
0 0 UN,+ 0
0 0 0 UN,−

; V =

V Z,+ 0 0 0
0 V Z,− 0 0
0 0 V N,+ 0
0 0 0 V N,−

with
U τ,pi =
U τ,pi,1 0
0 U τ,pi,2
 V τ,pi =
 0 V τ,pi,2
V τ,pi,1 0
 (4.20)
τ = Z,N and the parity pi = +,−.
4.4 About time reversal symmetry
As we said, in this work, apart from the isospin, we have imposed the parity
conservation, the simplex and the Π2Tˆ as self-consistent symmetries. The
set of operators {Pˆ , Πˆ1, Πˆ2} are the three generators of a subgroup D2h of the
more general point group DT2h [3–5]. The latter has an additional generator,
e.g., the time-reversal operator.
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The choice of coordinates (β, γ) divides the quadrupole deformations in six
sextants for the different γ ranges [6]. Values of γ equal to (0◦, 120◦, 240◦)
correspond to prolate axial deformations with (z, x, y) as symmetry axis,
while (60◦, 180◦, 300◦) correspond to oblate axial deformations with (z, x, y)
as symmetry axis.
In even-even nuclei and absence of cranking, the Hamiltonian commutes with
the time reversal operator; [Hˆ, Tˆ ] = 0. If the initial wave function proposed
in the self-consistent process preserves this symmetry, the final wave function
will preserve it. This means the states are invariant under the group DT2h and
the three different orientations of the symmetry axis can be related to the
z-axis and the calculation can be reduced to one sextant. This is not true in
case of time reversal symmetry breaking as the states are only invariant under
the subgroup D2h. As a consequence the sextants are now only symmetric
with respect to the γ = (120◦, 300◦) direction, and three sextants must be
used. We check this in 7.
Bibliography
[1] A.L. Goodman. Advances in Nuclear Physics, 11:263, 1979.
[2] Frank Laloe Claude Cohen-Tannoudji, Bernard Diu. Quantum Mechan-
ics. A Wiley-Interscience Publication, 1991.
[3] J. Dobaczewski, J. Dudek, S. G. Rohozin´ski, and T. R. Werner. Phys.Rev.
C, 62:014310, 2000.
[4] J. Dobaczewski, J. Dudek, S. G. Rohozin´ski, and T. R. Werner. Phys.Rev.
C, 62:014310, 2000.
[5] S. Frauendorf. Rev.Mod. Phys, 73:463, 2001.
[6] P. Ring and P. Schuck. The Nuclear Many-Body Problem. Physics and
astronomy online library. Springer, 2004.
49
Chapter 5
Odd nuclei description
5.1 Construction of and odd system from an
even system: Blocking procedure
The ground state of an even-even nucleus is written [1]:
|φ〉 =
∏
τ=N,Z
pi=+,−
|φ〉τpi = |φ〉Z+|φ〉Z−|φ〉N+|φ〉N− (5.1)
|φ〉τpi =
M∏
k=1
βτpik β
τpi
k¯ |−〉 =
2M∏
µ=1
βτpiµ |−〉 (5.2)
where τ, pi are the isospin and parity and |−〉 is the particle vacuum.|Φ〉 is
the vacuum of the quasi-particle operators:
βτpiµ |φ〉 = 0 µ = 1, ...2M τ = Z,N p = +− (5.3)
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From 5.2 we see that the parity and simplex of the ground state is +1; i.e.
Pˆ |φ〉τpi = Pˆ
M∏
k=1
βτpik β
τpi
k¯ |−〉 =
M∏
k=1
pikpik¯|φ〉τpi =
M∏
k=1
pi2k|φ〉τpi = |φ〉τpi (5.4)
so
Pˆ |φ〉 = Pˆ |φ〉Z+|φ〉Z−|φ〉N+|φ〉N− = |φ〉 (5.5)
For the simplex;
Π1|φ〉τpi = Π1
M∏
k=1
βτpik β
τpi
k¯ |−〉 =
M∏
k=1
sksk¯|φ〉τpi = −i2|φ〉τpi = |φ〉τpi (5.6)
so
Π1|φ〉 = Π1|φ〉Z+|φ〉Z−|φ〉N+|φ〉N− = |φ〉 (5.7)
An odd-even nucleus with τ isospin and pi parity can be written as [2–4]
|φ˜〉 = β†,τpiρi |φ〉 (5.8)
where ρi can be any of the possible 2M
pi levels of the configuration space
for that parity. The wave function 5.8 is a vacuum of a different set of
quasi-particle operators β˜†,τpiµ ;
β˜τpiµ |φ˜〉 = 0 µ = 1, ...2Mpi (5.9)
The 2M operators {β˜τpi} can be obtained from those {βτpi} by replacing the
annihilator operator βτpiρi by the corresponding creation operator β
piτ†
ρi
and
leaving the rest unchanged. This is called the blocking procedure. The
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blocked level can have positive or negative simplex. As creation and annihi-
lator operators have opposite simplex, is clear that the number of operators
of each simplex will be different. For example if we block one level with pos-
itive simplex we will have Mpi − 1 creation operators with positive simplex
and Mpi + 1 with negative simplex, and eq. 4.17 :
β˜†,τpik =
M∑
m>0
U1mkc
†
m + V
1
mkcm¯ k = 1, ..,M
pi − 1
β˜†,τpi
k¯
=
M∑
m>0
U2mkc
†
m¯ + V
2
mkcm k = 1, ..,M
pi + 1 (5.10)
This can be extended to any number of blocked levels;
β˜†,τpik =
M∑
m>0
U τpi,1mk c
†
m + V
τpi,1
mk cm¯ k = 1, ..,M
τpi
1
β˜†,τpi
k¯
=
M∑
m>0
U τpi,2mk c
†
m¯ + V
τpi,2
mk cm k = 1, ..,M
τpi
2 (5.11)
with M τpi1 = M
pi − nτpib , M τpi2 = Mpi + nτpib , where we defined the blocking
number nτpib as the difference between the number of blocked levels with
positive and negative simplex for each isospin τ and parity pi. Note that
the number can be positive (if there are more blocked states with positive
simplex) or negative (otherwise).
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5.2 U,V amplitudes
The matrices U τpi,1(2), V τpi,1(2) are now rectangular matrices with M rows and
M τpi+(−) columns:
U τpi =

M τpi+︸︷︷︸ M τpi−︸︷︷︸
Mpi{ U τpi,1 0
Mpi{ 0 U τpi,2
 ; V τpi =

M τpi+︸︷︷︸ M τpi−︸︷︷︸
Mpi{ 0 V τpi,2
Mpi{ V τpi,1 0
 (5.12)
5.3 Blocking channels
As we have seen there are, in principle, eight possible blocking channels,
obtained by changing isospin, parity and simplex. The simplex is important if
we break time-reversal symmetry explicitly; i.e. by adding the cranking term.
Otherwise blocked levels with positive and negative simplex are degenerated
[5]. We have therefore four blocking channels (protons or neutrons, with
positive or negative parity). In this work we concentrate in odd-A nuclei and
we only block one quasi-particle state. For and odd-A nuclei the blocked
isospin channel is the one with an odd number of particles; i.e. for an odd-Z
nuclei we must block the proton channel and for an odd-N nuclei the neutron
channel. This reduces the possibilities to two, corresponding to the different
parities. Note that the parity of the wave function is determined by the
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parity of the blocked particle;
Pˆ |φ˜〉 = Pˆ β†,τpiρi |φ〉 = piρiβ†,τpiρi Pˆ |φ〉
5.5
= piρiβ
†,τpi
ρi
|φ〉 = piρi |φ˜〉 (5.13)
Bibliography
[1] P. Ring and P. Schuck. The Nuclear Many-Body Problem. Physics and
astronomy online library. Springer, 2004.
[2] P. Ring, R. Beck, and H. J. Mang. Zeitschrift fu¨r Physik A Hadrons and
nuclei, 231(1):10–25, 1970.
[3] P. Ring, H.J. Mang, and B. Banerjee. Nuclear Physics A, 225(1):141 –
156, 1974.
[4] J.L. Egido, H.-J. Mang, and P. Ring. Nuclear Physics A, 334(1):1 – 20,
1980.
[5] M. Borrajo and J. L. Egido. The European Physical Journal A, 52(9):277,
2016.
55
Chapter 6
Particle Number VAP +
Angular Momentum PAV
calculation
We have explained the general concepts of mean field and beyond mean field
methods in chapter 3. In this chapter we describe the details and particular
approaches used in our calculations. There are three main steps.
The fist two steps consist on the self-consistent calculation and the restoration
of the particle number and the rotational invariance. The third step consist
on the configuration mixing of the different states obtained in the first two
steps. The two first steps are performed in all of our calculations. The final
step (the configuration mixing approach) is not always performed.
The particle number restoration is perform before the variational procedure
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(PN-VAP) [1]. All terms [2] of the Hamiltonian are taken into account to
avoid divergence problems. This guarantees that we obtain the self-consistent
minimum. However, the restoration of the rotational invariance requires the
calculation of a three dimensional integral. In this case the only affordable
calculation is to perform a PAV approach.
The approach of solving the PN-VAP variational equation to find the self-
consistent minimum and afterwards to perform an AM-PAV is not the op-
timal because the AMP is not able to exploit any degree of freedom of the
HFB transformation and self-consistency with respect to the AMP is not
guarantied. An intermediate way is to perform an approximate AM-VAP
approach by solving the variational PN-VAP equation for a large set of rele-
vant physical situations as to cover the sensitive degrees of freedom. After-
wards an AM-PAV to this set of wave functions will determine the absolute
minimum among these states for different angular momenta. This method
guarantees, at least, AM-VAP self-consistency with respect to these relevant
quantities. For example, in the limit of strong rotational symmetry break-
ing, the cranking model -which breaks the time-reversal symmetry- is an
accurate approximation for the variation after angular momentum projec-
tion equations [3, 4]
So the first step is the construction of a set of intrinsic many-body states for
a set of parameters {qi} ;|Φ(~q)〉. These parameters can be the quadrupole
moment, cranking frequency...The states are found by minimizing the particle
number projected energy;i.e. a PN-VAP approach (eq (3.23) with P S the
neutron and proton number projectors). In this step we can study the VAP
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potential energy surfaces.
In the second step, we apply the projection technique to the angular momen-
tum in a PAV approach. At this point we can study the angular momentum
projected surfaces.
If we want to include fluctuations around the most probable values we can do
a final step. We use the states found in step 2, which already have the correct
quantum numbers and use them in a generator coordinate method, being the
parameters ~q the generating coordinate. We can study the collective wave
functions and energies.
6.1 PN-VAP calculation
6.1.1 Particle number projector
The particle number projection operator PN is [4]:
PN =
1
2pi
∫ 2pi
0
eiϕ(Nˆ−N)dϕ (6.1)
where ϕ is the Gauge angle. Lets prove that the application of this operator
to a HFB-type wave function is an eigenstate of the particle number operator
Nˆ with eigenvalue N . First notice that we can decompose the wave function
in a complete orthogonal set of wave functions |αNi〉 being Ni the particle
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number and α the rest of necessary parameters to form a complete basis.
|φ〉 =
∑
α,Ni
|αNi〉〈αNi|φ〉 =
∑
α,Ni
CαNi |αNi〉 (6.2)
Applying the projection operator;
PN |φ〉 = 1
2pi
∫ 2pi
0
eiϕ(Nˆ−N)
∑
α,Ni
Cα,Ni |α,Ni〉dϕ
=
1
2pi
∑
α,Ni
Cα,Ni |α,Ni〉
∫ 2pi
0
eiϕ(Ni−N)dϕ
=
∑
α,Ni
Cα,Ni |α,Ni〉δNi,N = Cα,N |α,N〉 (6.3)
So it is clear that PN |φ〉 is an eigenstate of Nˆ operator with eigenvalue N ;
NˆPN |φ〉 = NˆCα,N |α,N〉 = NCα,N |α,N〉 = NPN |φ〉 (6.4)
As a projector, this operator fulfills;
(PN)2 = PN (6.5)
(PN)† = PN (6.6)
6.1.2 Particle number projected wave function
In the VAP approach we have to minimize the projected energy functional
to find the best solution among the trial ones. This is done for every value of
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the parameters qi. We solve equation (3.23) to obtain the best wave function:
δ E
′NZ [U, V ] =
δ
[〈Φ(~q)|(PNPZ)†HˆPNPZ |Φ(~q)〉
〈Φ(~q)|(PNPZ)†PNPZ |Φ(~q)〉 − λ~q〈Φ(~q)|
~ˆQ|Φ(~q)〉
]
=
δ
[〈ΦNZ(~q)|Hˆ|ΦNZ(~q)〉
〈ΦNZ(~q)|ΦNZ(~q)〉 − λ~q〈Φ(~q)|
~ˆQ|Φ(~q)〉
]
→ |ΦNZV AP (~q)〉 (6.7)
The Lagrange multipliers are determined by the constraints;
〈Φ(~q)|Qˆi|Φ(~q)〉 = qi ∀i (6.8)
6.1.3 Particle number projected surfaces
The potential energy surfaces are given by:
ENZV AP (~q) =
〈ΦNZV AP (~q)|Hˆ|ΦNZV AP (~q)〉
〈ΦNZV AP (~q)|ΦNZV AP (~q)〉
(6.9)
These surfaces provide information such as the optimal values for ~q, and
the hardness or softness of the energy on the different ~q directions. As the
intrinsic HFB wave functions fulfill eipi(Nˆ−N)|Φ(~q)〉 = |Φ(~q)〉 the interval can
be reduced to [0, pi]. In practice the integral is substituted by a discrete sum
(Fomenko expansion [5]):
1
pi
∫ pi
0
eiϕ(Nˆ−Nτ )dϕ → 1
L
L∑
l=1
eiϕ(Nˆ−Nτ ), ϕ =
pi
L
l (6.10)
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We use L = 11 in our calculations. If we insert the expression of the particle
number projection operators PN , PZ in the functional 6.7, and we take into
account that the state |Φ(~q)〉 = |ΦZ(~q)〉|ΦN(~q)〉 ;
ENZ(~q) =
∑L
lZ=1
∑L
lN=1
〈ΦZ |〈ΦN |Hˆ ′eiϕlZ (Zˆ−Z)eiϕlN (Nˆ−N) |ΦN〉|ΦZ〉∑L
lZ=1
∑L
lN=1
〈ΦZ |〈ΦN |eiϕlZ (Zˆ−Z)eiϕlN (Nˆ−N) |ΦN〉|ΦZ〉
=
L∑
lZ=1
L∑
lN=1
ylpiylN
〈ΦZ |〈ΦN |Hˆ ′eiϕlZZˆeiϕlN Nˆ |ΦN〉|ΦZ〉
〈ΦZ |〈ΦN |eiϕlZZˆeiϕlN Nˆ |ΦN〉|ΦZ〉
(6.11)
with
ylτ =
〈Φτ |eiϕlτ (τˆ−τ)|Φτ 〉∑L
lτ=1
〈Φτ |eiϕlτ (τˆ−τ)|Φτ 〉
=
e−iϕlτ τnτ (~q, ϕlτ )∑L
lτ=1
e−iϕlτ τnτ (~q, ϕlτ )
(6.12)
with
nτ (~q, ϕlτ ) = 〈Φτ |eiϕlτ τˆ |Φτ 〉 (6.13)
and the hamiltonian overlap;
e(~q, ϕlZ , ϕlν ) =
〈ΦZ |〈ΦN |Hˆ ′eiϕlZ ZˆeiϕlN Nˆ |ΦN〉|ΦZ〉
〈ΦZ |〈ΦN |eiϕlZ ZˆeiϕlN Nˆ |ΦN〉|ΦZ〉
(6.14)
Note that the two ingredients to be calculated are 6.13 and 6.14. Once
we get 6.13 is easy to obtain 6.12. Finally we use the latter together with
6.14 to obtain 6.11. In Appendices A,B,C we see how to calculate both in
the most general case (particle and angular momentum projection) between
states with different values of the constraints qi, q
′
i. However in case of only
particle number projection and qi = q
′
i the Onishi formula can be use to
calculate the norm overlap.
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Norm overlap
When there is only particle number projection the norm overlap can be cal-
culated using the Onishi formula [6–8]
nτ (~q, ϕlτ ) = |T 1,τ22 (ϕlτ )|1/2|T 2,τ22 (ϕlτ )|1/2eiϕlτDτ (6.15)
where matrices T22 are defined in appendix B and D
τ = 1
2
(Dτi + D
τ
i ) , with
Dτ1(2) being the dimension of each of the block with signatures 1(2). In
Appendix B we show that these in turn are divided into two blocks with
positive and negative parity. Therefore, if M
τ,pi=+(−)
i is the dimension of the
configuration space used for positive (negative) parity;
Dτi = M
τ+
i +M
τ−
i
In the case of even-even nuclei M τ+1 = M
τ+
2 so is clear that D
τ = M τ,++M τ,−
. However, this is also true for blocked wave functions;
Dτ =
1
2
(M τ,+ − nτ+b +M τ,+ + nτ+b +M τ,− − nτ−b +M τ,− + nτ−b )
= M τ,+ +M τ,− (6.16)
Because there is an square root in expression 6.15 we may think there is
an indetermination with the sign. However in Appendix A we show that
|T 122| = |T 222|. In particular in case of only PN projection, |T 122| = eiϕV TV +
e−iϕUTU = cosϕ− i sinϕ(UTU − V TV ) for an even system and also for an
odd system. So the sign is not relevant.
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In case of particle and angular momentum projection the norm overlap will
be calculated using the Pffafian [9,10].
Hamiltonian overlap
The Hamiltonian overlap 6.14 is obtained in detail in appendices B C for
the most general case: with particle and angular momentum projection and
between states with different constraints ~q, ~q ′. The overlap in the present
case (only particle number projection between equal states) is obtained by
using Rˆ(Ω) = I and ~q = ~q ′ in those expressions. We give here the final
expression;
e(~q, ϕlZ , ϕlν ) = Tr{t
(
ρ10,Z(~q, ϕlZ ) + ρ
10,N(~q, ϕlZ )
)
+
1
2
(
Γ10,ZZ(~q, ϕlZ )ρ
10,Z(~q, ϕlZ ) + Γ
10,ZN(~q, ϕlN )ρ
10,N(~q, ϕlZ )
+
1
2
(
Γ10,NZ(~q, ϕlZ )ρ
10,N(~q, ϕlN ) + Γ
10,NN(~q, ϕlN )ρ
10,N(~q, ϕlN )
− ∆10,Z(~q, ϕlZ )κ01,Z(~q, ϕlZ )−∆10,N(~q, ϕlN )κ01,N(~q, ϕlN )
)
}(6.17)
with the density matrix and pairing tensors:;
ρ10,τµµ′ (~q, ϕlτ ) =
(
eiϕlτ V ?(~q)T−122 (~q, ϕlτ )V
T (~q)
)
µµ′
(6.18)
κ10,τµµ′ (~q, ϕlτ ) =
(
eiϕlτ V ?(~q)T−122 (~q, ϕlτ )U
T (~q)
)
µµ′
(6.19)
κ01,τµµ′ (~q, ϕlτ ) = −
(
e−iϕlτU?(~q)T−122 (~q, ϕlτ )V
T (~q)
)
µµ′
(6.20)
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where we defined the fields;
Γ10,τ,τ
′
µ,µ′ (~q, ϕlτ ) =
∑
γ,γ′
v¯µγµ′γ′ρ
10,τ
γ′γ (~q, ϕlτ ) (6.21)
∆10,τ,τ
′
µ,µ′ (~q, ϕlτ ) =
1
2
∑
γ,γ′
v¯µµ′γγ′κ
10,τ
γγ′ (~q, ϕlτ ) (6.22)
With 6.15 and 6.17 we are now ready to compute the particle number pro-
jected energy ENZ(~q).
Density dependent term
Gogny force includes a density dependent term;
Vdd =
1
2
t3(1 + x0Pˆσ)δ(~r1 − ~r2)ρ1/3(~r1 + ~r2) (6.23)
At mean field level the density is uniquely defined [2, 11–14]. However in
projected theories we have to choose some prescription, which must fulfill
several requirements. For example the energy must be a scalar quantity and
remain real. There are two main prescriptions:
1. Projected density prescription
This prescription is inspired by the following: In the MFA, the energy is
given by 〈Φ(~q)|Hˆ|Φ(~q)〉〈Φ(~q)|Φ(~q)〉 and VDD depends on the density
〈Φ(~q)|ρˆ|Φ(~q)〉
〈Φ(~q)|Φ(~q)〉 . If the
wave function which describes the nuclear system is the projected wave
function ΦNZ(~q) , we must calculate the element 〈Φ
NZ(~q)|VˆDD|ΦNZ(~q)〉
〈ΦNZ(~q)|ΦNZ(~q)〉 so
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it is reasonable to use the projected density;
ρN,Z~q (~r) =
〈ΦNZ(~q)|ρˆ(~r)|ΦNZ(~q)〉
〈ΦNZ(~q)|ΦNZ(~q)〉 (6.24)
2. Mixed density prescription
To evaluate the density dependent part of the energy we have to eval-
uate elements between the different product wave functions |Φ(~q)〉 and
|Φ˜(~q)〉 = eiϕNˆ |Φ(~q)〉 , i.e; calculate elements of the type; 〈Φ(~q)|~VDD|Φ˜~q〉〈Φ(~q)|Φ˜~q〉 ,
and therefore the mixed density can be chosen;
ρϕ~q (~r) =
〈Φ(~q)|ρˆ(~r)|Φ˜(~q)〉
〈Φ(~q)|Φ˜(~q)〉 (6.25)
In case os spatial parity and rotational invariance restoration the most ap-
propriate prescription is the mixed one, which fulfills the mentioned require-
ments [13]. The projected prescription cannot be used when recovering spa-
tial symmetries [15]. However in the case of particle number projection we
choose the projected prescription.
This prescription has the advantage that does not have divergence problems,
which is not true for the mixed prescription (although those divergences are
integrable) [1] . In addition the problem is computationally cheaper, and
differences between both prescription are small. The projected energy of
the density dependent term ENZDD is obtained evaluating the contribution of
6.23 using the density ?? . In the Gogny force x0 = 1, which cancels the
contribution of this VˆDD to the pairing field ∆ and to the Hartree-Fock field
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of the type Γττ . We find;
ENZDD =
1
2
∑
τ 6=τ ′
Tr(Γττ
′ρτ ) (6.26)
where
Γττ
′
µ1µ3
=
∑
µ2µ4
(v¯dd[ρ
NZ ])µ1µ2µ3µ4ρ
τ ′
µ4µ2
(6.27)
6.2 PNAMP-PAV calculation
Now we proceed to derive the expressions needed in the angular momentum
restoration. By applying the angular momentum projector we create eigen-
states of the total angular momentum Iˆ2 (with eigenvalue I) and the third
component Iˆz (with eigenvalue M). This operator is given by [4]:
P IM =
∑
K
f IKP
I
MK → P IMK =
2I + 1
8pi2
∫
DI?MK(Ω)Rˆ(Ω)dΩ
Rˆ(Ω) = e−iαIˆze−iβIˆye−iγIˆz (6.28)
with Ω = (α, β, γ) the Euler angles and DIMK(Ω) the Wigner functions. The
angular momentum projection has been done with the set of integration
points in the Euler angles (Nα = Nβ = Nγ = 32) in the intervals α ∈
[0, 2pi],β ∈ [0, pi],γ ∈ [0, 2pi].
The following property is useful:
∫
dΩDI1?M1M ′1
(Ω)DI2M2M ′2
(Ω) =
8pi2
2I1 + 1
δI1I2δM1M2δM ′1M ′2 (6.29)
6.2. PNAMP-PAV calculation 67
The actuation of this operator on an eigenstate of I y and M is :
Rˆ(Ω)|IM〉 =
∑
M ′
DIM ′M(Ω)|IM ′〉 (6.30)
Now is easy to see that P IM |Φ〉 is an eigenstate of I y M .
P IM |Φ〉
1
= P IM
∑
I′M ′α
|I ′M ′α〉〈I ′M ′α|Φ〉 = P IM
∑
I′M ′α
bI′M ′α|I ′M ′α〉
=
2I + 1
8pi2
∑
I′M ′
Kα
f IKbI′M ′α
∫
dΩDI?MK(Ω)Rˆ(Ω)|I ′M ′α〉
(6.30)
=
2I + 1
8pi2
∑
I′M ′
KM ′′α
f IKbI′M ′α
∫
dΩDI?MK(Ω)D
I′
M ′′M ′(Ω)|I ′M ′′α〉
(6.29)
=
∑
Kα
aIKbIKα|IMα〉 (6.31)
In Dirac notation P IMK :
P IMK =
2I + 1
8pi2
∑
I′K′
I′′M ′′
|I ′K ′〉〈I ′K ′|
∫
dΩDI?MK(Ω)Rˆ(Ω)|I ′′M ′′〉〈I ′′M ′′|
(6.30)
=
2I + 1
8pi2
∑
I′K′
I′′M ′′M ′
|I ′K ′〉〈I ′K ′|
∫
dΩDI?MK(Ω)D
I′′
M ′M ′′(Ω)|I ′′M ′〉〈I ′′M ′′|
(6.29)
=
∑
I′K′
|I ′K ′〉〈I ′K ′|IM〉〈IK|
= |IM〉〈IK| (6.32)
Using the above equations is now easy to prove the following properies:
(P IMK)
† = (|IK〉〈IM |)† = |IK〉〈IM | = P IKM (6.33)
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P I1M1K1P
I2
M2K2
= |I1M1〉〈I1K1|I2M2〉〈I2K2|
= δI1I2δK1M2|I1M1〉〈I1K2|
= δI1I2δK1M2P
I1
M1K2
(6.34)
The wave function obtained after the angular momentum projection does not
have the correct particle number anymore. Therefore we do a simultaneous
projection to particle number:
|ΨNZ;IM(~q)〉 = P IMPNPZ |Φ(~q)〉
=
∑
K
f IKσ(~q)P
I
MKP
NPZ |Φ(~q)〉
=
∑
K
f IKσ(~q)|Φ(~q)NZ;IMK〉 (6.35)
The f IK(~q) are variational parameters. As we saw in chapter 3, this is an
example of the generator coordinate method, being the generator coordinate
K. Therefore we have to solve the Hill-Wheeler-Griffin equation [16,17]:
∑
K′
(
HNZ,IKK′ (~q)− ENZ,Iσ (~q)NNZ,IK,K′
)
f IK′σ(~q) = 0 (6.36)
with
HNZ,IKK′ (~q) = 〈Φ(~q)NZ,IMK |HˆKK′|Φ(~q)NZ,IMK
′〉 (6.37)
NNZ,IKK′ (~q) = 〈Φ(~q)NZ,IMK |Φ(~q)NZ,IMK
′〉 (6.38)
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The subscript σ labels the different eigenvalues and eigenvectors obtained
solving eq (6.36). The ground state corresponds σ = 1, the first excited
state to σ = 2 ...etc. Note that for each I value a different diagonalization
is performed. The presence of the norm matrix 6.38 is a consequence of the
linear dependence of the basis states |Φ(~q)NZ,IMK〉.
We define the probability distribution of finding an eigenstate of the angular
momentum |IK〉;
WNZ,IK (~q) =
NNZ,IKK (~q)
〈Φ(~q)|PNPZ |Φ(~q)〉 (6.39)
and the total probability distribution,
WNZ,I(~q) =
∑
K
WNZ,IKσ (~q) (6.40)
which represents the probability of finding a value of the angular momen-
tum I. Both quantities represent the distribution of the wave function
|Φ(~q)NZ;IMK〉 on the subspaces |IK〉 and |I〉 respectively. Also we define
the IK-projected energy as;
ENZ,IK (~q) =
HNZ,IKK (~q)
NNZ,IKK (~q)
(6.41)
The techniques to solve equation (6.36) were explained in chapter 3. Applied
to this case:
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1. Diagonalizaion of the norm overlap
∑
K′
NNZ,IKK′ (~q)uNZ,Iµ (~q K ′) = nNZ,Iµ uNZ,Iµ (~q K) (6.42)
where the index µ labels the different eigenvalues nN,Iµ of the norm.
Those which are zero or close to zero correspond to linearly dependent
states and are elimianted. The criterium to set a cutoff is that we leave
those which are nN,Iµ /n
N,I
max > . Typically  = 10
−6 in our calculations.
2. Construction of the natural basis
Now we can define the orthonormal natural basis;
|µNZ,I〉 =
∑
K
uNZ,Iµ√
nNZ,Iµ
|Φ(~q)NZ;IMK〉 (6.43)
3. Diagonalizaion of the Hamiltonian in the natural basis
∑
µ′
〈µNZ,I |Hˆ|µ,NZ,I〉gIµ′σ = ENZ,Iσ (~q)gIµσ (6.44)
This provides the eigenvalues EN,Iσ and the eigenvectors g
I
µσ. The
weights f IK′σ(~q) are given by:
f IKσ(~q) =
∑
µ
gIµσ√
nN,Iµ
uNZ,Iµ (~q K) (6.45)
The coefficients
∑
K |f IKσ(~q)|2 6= 1 as the states |Φ(~q)NZ;IMK〉 are not or-
thonormal. From coefficients gIµσ we can define the so-called collective wave
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function F Iσ (~q) that account for the probability density, normalized to 1, of
finding the state (I, σ) with a given ~q ;
F Iσ (~q) =
∑
K
F IK,σ(~q) (6.46)
with
F IKσ(~q) =
∑
µ
gIµσu
NZ,I
µ (~q K) (6.47)
which accounts for the probability density of finding the state (I, σ) with a
given K value in ~q . Therefore the probability of finding a value K is;
P IKσ(~q) = |F IKσ(~q)|2 (6.48)
It is easy to show that effectively
∑
K |F IKσ(~q)|2 = 1;
∑
K
|F IKσ(~q)|2 =
∑
K
∑
µµ′
(gIµσ)
?(uNZ,Iµ′ (~q K
′))?gIµ′σu
NZ,I
µ′ (~q K)
=
∑
µ
|gIµσ|2 = 1 (6.49)
where we used
∑
K u
NZ,I
µ (~q K)(u
NZ,I
µ′ (~q K
′))? = δµµ′ .
At this point we can also study the particle number and angular momentum
projected energy surfaces AMP-PES, this is, for each value of the constraints
~q and angular momentum I we plot the ENZ,Iσ (~q) .
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6.2.1 Norm overlap
The norm overlap 6.38 is:
NNZ,IKK′ (~q) = 〈Φ(~q)NZ,IMK |Φ(~q)NZ,IMK
′〉
= 〈Φ(~q)NZ |(P IMK)†P IMK′ |Φ(~q)NZ〉
= 〈ΦNZ(~q)|P IKMP IMK′|ΦNZ(~q)〉
(6.34)
= 〈ΦNZ(~q)|P IKK′|ΦNZ(~q)〉
=
2I + 1
8pi2
∫
dΩDI?KK′(Ω)〈ΦNZ(~q)|Rˆ(Ω)|ΦNZ(~q)〉
=
2I + 1
8pi2
∫
dΩDI?KK′(Ω)n
NZ(~q,Ω) (6.50)
where we defined
nNZ(~q,Ω) = 〈ΦNZ(~q)|Rˆ(Ω)|ΦNZ(~q)〉
= 〈Φ(~q)|(PN)†(PZ)†Rˆ(Ω)PZPN |Φ(~q)〉
[P τ , Rˆ(Ω)]
= 〈Φ(~q)|Rˆ(Ω)(PN)†(PZ)†PZPN |Φ(~q)〉
(P τ )†=(P τ )2=P τ
= 〈Φ(~q)|Rˆ(Ω)PZPN |Φ(~q)〉 (6.51)
As Rˆ 6= Rˆ(N, Z)
nNZ(~q,Ω) = 〈ΦZ(~q)|Rˆ(Ω)PZ |ΦZ(~q)〉〈ΦN(~q)|Rˆ(Ω)PN |ΦN(~q)〉
= nZ(~q,Ω)nN(~q,Ω) (6.52)
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Using the explicit expression for P τ we can write;
nτ (~q,Ω) =
1
L
L∑
lτ=1
e−iϕlτNτ 〈Φτ (~q)|Rˆ(Ω)eiϕlτ Nˆτ |Φτ (~q)〉
=
1
L
L∑
lτ=1
e−iϕlτNτn(~q,Ω, ϕlτ ) (6.53)
n(~q,Ω, ϕlτ ) = 〈Φτ (~q)|Rˆ(Ω)eiϕlτ Nˆτ |Φτ (~q)〉 (6.54)
To sum up, the main ingredient to calculate the norm overlap 6.50 is 6.54.
Once this is done, we just sum over the euler angle to obtain 6.53 , and finally
perform the integral 6.50, as shown in the following sequence:
n(~q,Ω, ϕlτ )
∑L
lτ=1
e−iϕlτ Nτ→ nτ (~q,Ω)
∏
τ=Z,N→ nNZ(~q)
∫
dΩDI?
KK′ (Ω)→ NNZ,IKK′ (~q)
(6.55)
This main ingredient (blue) is obtained in detail in Appendix A for the
general case in which the states on left and right are different ~q 6= ~q ′.
Therefore the expression in this particular case is obtained by using ~q = ~q .
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6.2.2 Hamiltonian overlap
The terms of the Hamiltonian which commute with the rotation operator Rˆ
can be expressed as:
HINZ(~q,Ω) = 〈Φ(~q)NZ |(P IMK)†HˆP IMK′ |Φ(~q)NZ〉
[Hˆ,Rˆ]=0
= 〈Φ(~q)NZ |Hˆ(P IMK)†P IMK′ |Φ(~q)NZ〉
(6.33)
= 〈ΦNZ(~q)|HˆP IKMP IMK′|ΦNZ(~q)〉
(6.34)
= 〈ΦNZ(~q)|HˆP IKK′|ΦNZ(~q)〉
=
2I + 1
8pi2
∫
dΩDI?KK′(Ω)〈ΦNZ(~q)|HˆRˆ(Ω)|ΦNZ(~q)〉
=
2I + 1
8pi2
∫
dΩDI?KK′(Ω)h
NZ(~q,Ω) (6.56)
where we defined
hNZ(~q,Ω) = 〈ΦNZ(~q)|HˆRˆ(Ω)|ΦNZ(~q)〉
= 〈Φ(~q)|(PN)†(PZ)†HˆRˆ(Ω)PZPN |Φ(~q)〉
[P τ , Rˆ(Ω)] = 0
[P τ , Hˆ(Ω)] = 0
= 〈Φ(~q)|HˆRˆ(Ω)(PN)†(PZ)†PZPN |Φ(~q)〉
(P τ )†=(P τ )2=P τ
= 〈Φ(~q)|HˆRˆ(Ω)PZPN |Φ(~q)〉 (6.57)
Moreover, using the mixed density prescription the density dependent term
can also be expressed as in eq 6.57 [13]. In order to use the Wick theorem [6]
and the generalized density and pairing tensors (See Appendix B); we derive
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the expression for
eNZ(~q,Ω) =
hNZ(~q,Ω)
nNZ(~q,Ω)
(6.58)
=
〈Φ(~q)|HˆRˆ(Ω)PZPN |Φ(~q)〉
〈Φ(~q)|Rˆ(Ω)PZPN |Φ(~q)〉 (6.59)
and after calculate hNZ(~q,Ω) as;
hNZ(~q,Ω) =
hNZ(~q,Ω)
nNZ(~q,Ω)
nNZ(~q,Ω)
= eNZ(~q,Ω)nNZ(~q,Ω) (6.60)
With (6.51) y (6.57) we can write in a compact way :
〈Φ(~q)|HˆRˆ(Ω)PˆZPˆN |Φ(~q)〉
〈Φ(~q)|Rˆ(Ω)PˆZPˆN |Φ(~q)〉 =
L∑
lZ=1
L∑
lZ=1
ylZylN e(~q,Ω, ϕlZ , ϕlN ) (6.61)
where
ylτ (~q,Ω, ϕlτ ) =
〈Φτ (~q)|Rˆ(Ω)eiϕlτ (Nˆτ−Nτ )|Φτ (~q)〉∑L
lτ=1
〈Φτ (~q)|Rˆ(Ω)eiϕlτ (Nˆτ−Nτ )|Φτ (~q)〉
(6.62)
e(~q,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|HˆRˆ(Ω)eiϕlZ NˆZeiϕlZ NˆN |Φ(~q)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlZ NˆN |Φ(~q)〉
(6.63)
Again we have to calculate a main ingredient, which in this case is 6.63.
e(~q,Ω, ϕlZ , ϕlN )
∑L
lZ=1
∑L
lN=1
ylZ ylN→ e(~q,Ω) ×n
NZ(~q)→ hNZ(~q,Ω)
∫
dΩDI?
KK′ (Ω)→ HNZ,IKK′ (~q)
(6.64)
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This main ingredient (blue colour) is obtained in detail in appendices B,C.
Expressions 6.61-6.66 are valid for the expected value of any operator Oˆ;
〈Φ(~q)|OˆRˆ(Ω)PˆZPˆN |Φ(~q)〉
〈Φ(~q)|Rˆ(Ω)PˆZPˆN |Φ(~q)〉 =
L∑
lZ=1
L∑
lZ=1
ylZylNo(~q,Ω, ϕlZ , ϕlN ) (6.65)
o(~q,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|OˆRˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q)〉
(6.66)
6.3 SCCM
In this final step we use the states with the correct quantum numberN,Z, I,K,M
and different values of parameters ~q and use them in a complete configuration
mixing. The general ansatz is given by;
|ΨNZ;IMσ 〉 =
∑
~q,K
f IKσ(~q)|Φ(~q)NZ;IMK〉 (6.67)
The general Hill-Wheeler-Griffin equation:
∑
K′~q ′
(
HNZ,IKK′ (~q, ~q ′)− ENZ,Iσ NNZ,IK,K′ (~q, ~q ′)
)
f I,NZK′σ (~q
′) = 0 (6.68)
with
HNZ,IKK′ (~q, ~q ′) = 〈ΦNZ,IMK(~q)|HˆKK′|ΦNZ,IMK
′
(~q ′)〉 (6.69)
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NNZ,IKK′ (~q, ~q ′) = 〈Φ(~q)NZ,IMK |Φ(~q ′)NZ,IMK
′〉 (6.70)
Again, the first step is the diagonalization of the norm overlap:
∑
~q, ′ K′
NNZ,IKK′ (~q, ~q ′)uNZ,Iµ (~q ′ K ′) = nNZ,Iµ uNZ,Iµ (~q K) (6.71)
With the eigenvalues nNZ,Iµ and eigenvectors u
NZ,I
µ (~q K) we construct the
natural basis;
|µNZ,I〉 =
∑
~qK
uNZ,Iµ (~q K)√
nNZ,Iµ
|Φ(~q)NZ;IMK〉 (6.72)
The Hamiltonian in this basis is given by;
〈µNZ,I |Hˆ|µ,NZ,I〉 =
∑
K,K′,~q,~q ′
u?,NZ,Iµ (~q K)
HNZ,IKK′ (~q, ~q ′)√
nNZ,Iµ n
NZ,I
µ′
uNZ,Iµ′ (~q
′ K ′) (6.73)
with
HNZ,IKK′ (~q, ~q ′) = 〈Φ(~q)NZ;IMK |Hˆ|Φ(~q ′)NZ;IMK
′〉 (6.74)
We diagonalize the Hamiltonian in this basis;
∑
µ′
〈µNZ,I |Hˆ|µ,NZ,I〉gNZ,Iµ′σ = ENZ,Iσ gNZ,Iµσ (6.75)
This provides the eigenvalues ENZ,Iσ and the eigenvectors g
I
µσ. The weights
f IK′σ(~q) are given by:
f IKσ(~q) =
∑
µ
gIµσ√
nNZ,Iµ
uNZ,Iµ (~q K) (6.76)
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In analogy to 6.46 the quantity:
F IKσ(~q) =
∑
µ
gIµσu
NZ,I
µ (~q K) (6.77)
represents the probability density of finding a given I,K, ~q. The probability
density of finding a given I, ~q:
F Iσ (~q) =
∑
µK
gIµσu
I
µ(~q K) (6.78)
Again the total probability mus be equal to 1;
∑
K~q
|F IKσ(~q)|2 =
∑
K(~q)
∑
µµ′
(gIµσ)
?u?NZ,Iµ (~q K)g
I
µ′σu
NZ,I
µ′ (~q K)
=
∑
µ
|gIµσ|2 = 1 (6.79)
where we now used
∑
K~q u
NZ,I
µ (~q K)u
?NZ,I
µ′ (~q K
′) = δµµ′ .
Now we can define two different probabilities. The probability of finding a
given K is obtained by summing in all possibles ~q;
P IKσ =
∑
~q
|F IKσ(~q)|2 (6.80)
and the probability of finding a fixed point ~q, which is obtained by summing
in K.
P Iσ (~q) =
∑
K
|F IKσ(~q)|2 (6.81)
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6.3.1 Norm overlap
We will use a similar derivation of expressions and sequence 6.55, but with
~q, ~q ′. The norm;
NNZ,IKK′ (~q, ~q ′) =
2I + 1
8pi2
∫
dΩDI?KK′(Ω)n
NZ(~q, ~q ′,Ω) (6.82)
nNZ(~q,Ω) = 〈ΦNZ(~q)|Rˆ(Ω)|ΦNZ(~q ′)〉
= 〈Φ(~q)|Rˆ(Ω)PZPN |Φ(~q ′)〉 (6.83)
As Rˆ 6= Rˆ(N, Z)
nNZ(~q, ~q ′,Ω) = 〈Φpi(~q)|Rˆ(Ω)PZ |Φpi(~q ′)〉〈ΦN(~q)|Rˆ(Ω)PN |ΦN(~q ′)〉
= nZ(~q, ~q ′,Ω)nN(~q, ~q ′,Ω) (6.84)
and finally;
nτ (~q, ~q ′,Ω) =
1
L
L∑
lτ=1
e−iϕlτNτn(~q, ~q ′,Ω, ϕlτ ) (6.85)
Now sequence 6.55 becomes;
n(~q, ~q ′,Ω, ϕlτ )
∑L
lτ=1
e−iϕlτ Nτ→ nτ (~q, ~q ′,Ω)
∏
τ=Z,N→
nNZ(~q, ~q ′)
∫
dΩDI?
KK′ (Ω)→ NNZ,IKK′ (~q, ~q ′)(6.86)
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6.3.2 Hamiltonian overlap
Similarly for the Hamiltonian;
HNZ,IKK′ (~q, ~q ′) =
2I + 1
8pi2
∫
dΩDI?KK′(Ω)h
NZ(~q, ~q ′,Ω) (6.87)
with
hNZ(~q, ~q ′,Ω) = 〈ΦNZ(~q)|HˆRˆ(Ω)|ΦNZ(~q ′)〉
= 〈Φ(~q)|HˆRˆ(Ω)PZPN |Φ(~q ′)〉 (6.88)
Again we calculate;
eNZ(~q,Ω) =
hNZ(~q, ~q′,Ω)
nNZ(~q, ~q′,Ω)
(6.89)
and after calculate hNZ(~q, ~q ′,Ω) as;
hNZ(~q, ~q ′,Ω) =
hNZ(~q, ~q′,Ω)
nNZ(~q, ~q ′,Ω)
nNZ(~q, ~q ′,Ω)
= eNZ(~q, ~q ′,Ω)nNZ(~q, ~q ′,Ω) (6.90)
So; Hˆ :
〈Φ(~q)|HˆRˆ(Ω)PˆZPˆN |Φ(~q′)〉
〈Φ(~q)|Rˆ(Ω)PˆZPˆN |Φ(~q ′)〉 =
L∑
lpi=1
L∑
lpi=1
ylpiylN e(~q, ~q
′,Ω, ϕlpi , ϕlN ) (6.91)
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where
ylτ (~q, ~q
′,Ω, ϕlτ ) =
〈Φτ (~q)|Rˆ(Ω)eiϕlτ (Nˆτ−Nτ )|Φτ (~q′)〉∑L
lτ=1
〈Φτ (~q)|Rˆ(Ω)eiϕlτ (Nˆτ−Nτ )|Φτ (~q ′)〉
(6.92)
e(~q, ~q′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|HˆRˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(6.93)
Now the sequence 6.64 becomes;
e(~q, ~q ′,Ω, ϕlZ , ϕlN )
∑L
lZ=1
∑L
lN=1
ylZ ylN→ e(~q, ~q ′,Ω) ×n
NZ(~q,~q ′)→
hNZ(~q, ~q ′,Ω)
∫
dΩDI?
KK′ (Ω)→ HNZ,IKK′ (~q, ~q ′) (6.94)
Again, expressions 6.91-6.93 are valid for the expected value of any operator
Oˆ;
〈Φ(~q)|OˆRˆ(Ω)PˆZPˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)PˆZPˆN |Φ(~q ′)〉 =
L∑
lZ=1
L∑
lZ=1
ylZylNo(~q, ~q
′,Ω, ϕlZ , ϕlN ) (6.95)
with
o(~q, ~q ′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|OˆRˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(6.96)
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RESULTS I 
Time reversal symmetry breaking
in even nuclei
Chapter 7
Symmetry conserving
configuration mixing method
with cranked states
We perform the first calculations of a symmetry conserving configuration
mixing method (SCCM) using time-reversal symmetry breaking Hartree-
Fock-Bogoliubov (HFB) states with the Gogny D1S interaction. The method
includes particle number and tridimensional angular momentum symmetry
restorations as well as configuration mixing within the generator coordinate
method (GCM) framework. The nucleus 32Mg is chosen to show the perfor-
mance and reliability of the calculations. Additionally, 2+1 and 4
+
1 states are
computed for the magnesium isotopic chain, where a noticeable stretching
of the spectrum is obtained by including cranked states, leading to an al-
most perfect agreement with the known experimental data. The results are
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published in [1].
Up to now our implementations of the SCCM method had assumed that the
intrinsic states conserved the time-reversal symmetry. The usual variational
calculations assuming time-reversal symmetry conservation and angular mo-
mentum projection afterwards (which is our case) tend to favor the ground
states with respect to other excited states. The most typical signature of
such an effect is the stretching found in the spectra with respect to the ex-
perimental values. The addition of time-reversal symmetry breaking intrinsic
states would thus increase the variational space for excited states and provide
a better description of the spectrum. The cranking model -which breaks the
time-reversal symmetry- is an accurate approximation for the variation af-
ter angular momentum projection in the limit of strong rotational symmetry
breaking. Pioneering angular momentum projection of cranking states have
been reported with schematic pairing plus quadrupole interactions [2–4] and
with Skyrme energy density functionals [5,6]. However, neither configuration
-shape- mixing nor, in the case of Skyrme interactions, pairing correlations,
were taking into account. We now present the first results of the extension of
the SCCM method including now time-reversal-symmetry breaking intrinsic
states introduced through cranking calculations.
We will follow the steps studied in Chapter 6. In 7.1 we show the results
of the Particle Number VAP calculation (step one). In 7.2 we recover ro-
tational invariance (step two). Finally in 7.3 we perform the most general
configuration mixing; i.e. mixing in the deformation parameters and states
with different angular content (step three).
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7.1 PN-VAP calculation
The starting point of the method is the construction of a set of intrinsic many-
body states having different deformations and intrinsic angular momentum.
Such states, |Φ(β, γ, Jc)〉 ≡ |〉, have the structure of Hartree-Fock-Bogoliubov
(HFB) and are found by minimizing the particle number projected HFB
energy, i.e. , eq. (6.7) with ~ˆQ = (Qˆ20, Qˆ20, Jˆx).
E ′Jc(β, γ) =
〈HˆPNPZ〉
〈PNPZ〉 − ωJc〈Jˆx〉 − λq20〈Qˆ20〉 − λq22〈Qˆ22〉 (7.1)
The first term in the r.h.s. of Eq. 7.1 is the particle number projected energy
and the last terms correspond to the constraints on the cranking angular
momentum Jc and on the quadrupole deformation of the system (β, γ), being
ωJc , λq20 and λq22 the Lagrange multipliers that ensure the conditions:
〈Jˆx〉 =
√
Jc(Jc + 1); 〈Qˆ20〉 = q20; 〈Qˆ22〉 = q22 (7.2)
where Jˆx is the x-component of the angular momentum operator and Qˆ2µ
with µ = −2,−1, .., 2 is the µ component of the quadrupole operator. See
equation 3.26.
In the chapter devoted to the symmetries we saw that due to the inclusion of
the term ωJc〈Jˆx〉 time reversal symmetry is not preserved, the states are only
invariant under the subgroup D2h. This leads to a non-equivalence of the six
sextants and therefore three of them must be used in the calculations (there is
only symmetry with respect to the γ = 120◦, 300◦ direction). However in case
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Figure 7.1: PN-VAP potential energy surfaces for different values of the
cranking angular momentum Jc for the nucleus
32Mg. Gogny D1S interaction
is used here. The contour plots are separated in energy by 1.0 MeV. Each
PES is normalized to the energy of their corresponding minima, i.e., (a) -
249.902 MeV, (b) -247.910 MeV and (c) -246.789 MeV. The black bullets are
the states included in the GCM calculation while the yellow squares are the
states analyzed in detail in Figs. 7.2- 7.3.
Jc = 0 they must be equivalent. This property is used to test the performance
of the method since they provide non-trivial checks that help to identify
possible inconsistencies. We check this symmetry by performing PN-VAP
calculations in the (β, 0◦ ≤ γ ≤ 360◦) plane for three values of the cranking
angular momentum Jc = 0 (time-reversal symmetry conserving), Jc = 2 and
Jc = 4, selecting the nucleus
32Mg as an example. In Fig. 7.1 we show such
potential energy surfaces (PES) -first term in the r.h.s. of Eq. 7.1. Here, the
intrinsic states were expanded in nine major spherical harmonic oscillator
shells and the number of points included in the mesh of each PES is 502. We
notice first the equivalence between all of the sextants in the case where the
time-reversal symmetry is preserved (Jc = 0, Fig. 7.1(a)). Such a redundancy
is reduced to the half of the plane separated by the γ = (120◦, 300◦) axis for
Jc = 2 and 4 (Figs. 7.1(b)-(c)) as expected. We find the absolute minimum
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of the Jc = 0 PES in the spherical point as it is presumed from the neutron
magic number N = 20. The energy grows more rapidly along the oblate
directions than in the prolate ones. Additionally, a second minimum -around
1 MeV higher- is obtained at axial prolate configurations with β = 0.45.
For larger values than β ≈ 0.7 the energy increases quickly also along the
prolate lines. For Jc = 2, 4 the PES resemble the Jc = 0 one except for the
values along γ = 120◦, where the energy is not as favored as in γ = 0◦ and
γ = 240◦. The minima of these surfaces appear at such prolate configurations
with β = 0.45, as in the Jc = 0 case but shifted to higher values, around ≈ 2
MeV and ≈ 3 MeV for Jc = 2 and 4 respectively.
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Figure 7.2: Probability distributions of projections K -W IK(β, γ, Jc)- for even
(left panel) and odd (right panel) values of the angular momentum I for
the intrinsic states (a)-(b) (β, γ, Jc) = (0.5, 10
◦, 4) and (c)-(d) (β, γ, Jc) =
(0.5, 230◦, 4). Distribution of probabilities of (e) even values and (f) odd
values of the angular momentum I -W I(β, γ, Jc)- for the same intrinsic HFB-
type wave functions.
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7.2 Restoration of rotational invariance
The intrinsic many-body states, |〉, apart from the particle number symmetry,
break the rotational invariance of the hamiltonian. These quantum numbers
can be restored by projecting simultaneously onto good number of particles
and angular momentum , eq. (6.35) for the special case ~q = (β, γ, Jc).
|ΨNZ;IMσ (β, γ, Jc)〉 =
∑
K
f IKσ(β, γ, Jc)P
I
MKP
NPZ |Φ(β, γ, Jc)〉
=
∑
K
f IKσ(β, γ, Jc)|ΦNZ;IMK(β, γ, Jc)〉 (7.3)
The coefficients f IKσ(β, γ, Jc) and the energies E
I
σ,β,γ,Jc
are found variationally
by solving the Hill-Wheeler-Griffin (HWG) equations in the subspace (K)
eq.(6.36):
∑
K′
(
HI;NZKK′ (β, γ, Jc)− EIσ(β, γ, Jc)N I;NZKK′ (β, γ, Jc)
)
f IKσ(β, γ, Jc) = 0 (7.4)
where the kernels HI;NZKK′ (β, γ, Jc),N I;NZKK′ (β, γ, Jc) were defined in 6.37 and
6.38 .
As we saw in chapter 6 we can study the distribution of the wave function
|ΦNZ;IMK(β, γ, Jc)〉 in the |IK〉 subspace;
WNZ,IK (β, γ, Jc) =
NNZ,IKK (β, γ, Jc)
〈Φ(β, γ, Jc)|PNPZ |Φ(β, γ, Jc)〉 (7.5)
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Figure 7.3: Particle number and angular momentum projected energy over-
laps EIK(β, γ, Jc) as a function of K for the intrinsic wave functions (a)
(β, γ, Jc) = (0.5, 10
◦, 4) (filled symbols) and (b) (β, γ, Jc) = (0.5, 230◦, 4)
(empty symbols). The last column corresponds to the lowest energies for a
given I after K− mixing EJσβ,γ,Jc (Eq. 7.4) for the same intrinsic states as in
(a) and (b).
and the total distribution in each I, eq. 6.40:
WNZ,I(β, γ, Jc) =
∑
K
WNZ,IKσ (β, γ, Jc) (7.6)
Finally the IK-projected energy (6.41);
ENZ,IK (β, γ, Jc) =
HNZ,IKK (β, γ, Jc)
NNZ,IKK (β, γ, Jc)
(7.7)
The decomposition WNZ,IK (β, γ, Jc) and the energy E
I
K(β, γ, Jc) are quan-
tities that depend on the orientation of the principle axes of inertia with
respect to the (x, y, z)-axes. Nevertheless, the following properties are de-
duced from the self-consistent symmetries imposed to the intrinsic states:
WNZ,IK (β, γ, Jc) = W
NZ,I
−K (β, γ, Jc), E
NZ,I
K (β, γ, Jc) = E
NZ,I
−K (β, γ, Jc), and, if
I is odd, the K = 0 component is forbidden. The dependence on K is re-
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moved once the K-mixing is performed since the norm WNZ,I(β, γ, Jc) and
the energy ENZ,Iσβ,γ,Jc are scalar quantities [?,7,8]. Hence, the same probability
distribution W I(β, γ, Jc) and the same angular momentum projected energy
are found in the six sextants of the (β, γ) plane if Jc = 0, in a similar way
to the PN-VAP energies (Fig. 7.1(a)). However, if the cranking term is non-
zero, the (β, γ) plane is again split in two equivalent parts divided by the
(γ = 120◦, 300◦) line. We now exploit these symmetries to perform consis-
tency tests of the results and check the implementation of the method. There-
fore, we select first two intrinsic states, |ΦNZ;IMK(β = 0.5, γ = 10◦, Jc = 4)〉
and |ΦNZ;IMK(β = 0.5, γ = 230◦, Jc = 4)〉symmetric with respect to the
(γ = 120◦, 300◦) line (see yellow squares in Fig. 7.1(c)). We represent the
decomposition of those states in components of the angular momentum I
and intrinsic z-projection K in Fig. 7.2(a)-(d), normalized to the total prob-
ability of having a given I. The latter is plotted in Fig. 7.2(e)-(f). Here we
observe that the decomposition in K is different depending on the value of
γ. For γ = 10◦ the probability decreases in general rapidly with increasing
K for a fixed value of I. Furthermore, the relative weight of the components
with large K tends to increase with larger angular momentum I, while the
K = 0 component for even I and K = 1, 2 components for odd I slightly
decrease. These results are consistent with having the intrinsic long inertia
axis almost oriented in the z-axis. On the other hand, the probability for
a given I is distributed in a larger number of K components for γ = 230◦
and these components are much flatter than in the previous case when the
angular momentum I is increased. In this case, the intrinsic long inertia axis
is almost oriented perpendicular to the z-axis. In spite of these differences in
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the W IK distribution, the decomposition in I of both states, summing all of
the K components, are identical. We observe two separate distributions for
even I (Fig. 7.2(e)) and odd I (Fig. 7.2(f)), being the absolute scale larger for
the former. The even (odd) distribution probability increases from I = 0 (1)
until the maximum at I = 4 (5) is reached. Then, W I decreases, obtaining
practically zero probability for even (odd) angular momenta larger than 16
(13). We now analyze the energies obtained after performing the angular
momentum projection. In Fig. 7.3(a)-(b) we represent the projected energies
computed for different values of the angular momentum I and the intrinsic
z-component K. Here, we obtain explicitly the condition EIK = E
I
−K . We see
as in the previous case noticeable differences depending on γ. For γ = 10◦ the
energies rise rather quickly for large values of K while for γ = 230◦ the en-
ergies are flatter. These differences are completely removed when K-mixing
is performed through solving the HWG equations (Eq. 7.4) as it is shown
in Fig. 7.3(c). There, three bands can be distinguished, namely, a ground
state rotational band with ∆I = 2 built on top of I = 0+1 , and two ∆I = 1
bands, being I = 2+1 (γ-band) and I = 1
+
1 the corresponding band-heads. It
is important to point out that the results shown in Figs. 7.2- 7.3 constitute a
highly non-trivial check of the implementation of the method. However, we
can test even further the performance of the angular momentum projection
by projecting the whole (β, γ) plane as it is plotted in Fig. 7.4. The same
mesh of states as in Fig 7.1 is also used in these calculations. Additionally, the
number of integration points in the Euler angles are chosen to ensure that the
mean values of the total angular momentum operator, Jˆ2, calculated with the
states |ΦNZ;IMK(β, γ, Jc)〉 differ from I(I+1) less than 10−4. Concerning the
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conservation and/or breaking of the DT2h point group symmetry, we represent
now the angular momentum projected PES for (I = Jc, σ = 1). Similarly
to the results obtained in Fig. 7.1 for the PN-VAP approach, for the Jc = 0
case, the equivalence between the six sextants is preserved when angular mo-
mentum projection is performed. In this case, the intrinsic wave functions
do not break the DT2h point group symmetries. In Fig 7.4(a) only the PES
for (I = 0, σ = 1) is shown although the same equivalence is obtained for
other values of (I, σ) [8]. However, the angular momentum projected PES
attained by restoring the rotational symmetry of the Jc 6= 0 states are sym-
metric only around the axis (γ = 120◦, 300◦) (Fig 7.4(b)-(c)). Once more,
although only the energies EI=2σ=1 and E
I=4
σ=1 from projecting Jc = 2 and Jc = 4
states are represented in Fig. 7.4(b)-(c) respectively, the PES obtained for
other values of (I, σ) present similar symmetries (not shown). Apart from
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Figure 7.4: Particle number and angular momentum projected potential en-
ergy surfaces (Eq. 7.4) for (a) Jc = 0 and (I = 0;σ = 1); (b) Jc = 2 and
(I = 2;σ = 1); and (c) Jc = 4 and (I = 4;σ = 1) for the nucleus
32Mg.
The contour plots are separated in energy by 1.0 MeV. Each PES is normal-
ized to the energy of their corresponding minima, i.e., (a) -252.924 MeV, (b)
-252.021 MeV and (c) -250.463 MeV.
the symmetries discussed above, the angular momentum projection modifies
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significantly the surfaces obtained at the PN-VAP approach. In general, the
minima found in the PES at the PN-VAP level (Fig. 7.1) are now wider
and at slightly larger deformation whenever the angular momentum is re-
stored (Fig. 7.4). As a matter of fact, these beyond mean-field correlations
move the ground state from the spherical point to prolate configurations with
β ≈ 0.5 (Fig. 7.4(a)), that was formerly a secondary minimum in the PN-
VAP calculation (Fig. 7.1(a)). This effect was already obtained with axial
calculations [9] and is a self-consistent way to obtain the deformed ground
state for the nucleus 32Mg, i.e., as belonging to the ’island of inversion’ with
an erosion of the N = 20 magic number.
7.3 General SCCM
The last step in the SCCM many-body method proposed in this work is the
mixing of all of the intrinsic states projected to particle number and angular
momentum (third step on Chapter 6). The general wave function 6.67 is
given by;
|ΨNZ;I,M ;σ 〉 =
∑
β,γ,Jc,K
f IKσ(β, γ, Jc)|ΦNZ;IMK(β, γ, Jc)〉 (7.8)
In this general case, the coefficients f IKσ(β, γ, Jc) in Eq. 7.8, and the final
spectrum, ENZ,Iσ , are obtained by solving the corresponding HWG equations
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Figure 7.5: Excitation energies of the yrast states calculated for the nucleus
32Mg with the GCM method with 17 axial states and Jc = 0 (S1), 49 ax-
ial+triaxial states and Jc = 0 (S2), 81 axial+triaxial states and Jc = 0, 2 and
113 axial+triaxial states and Jc = 0, 2, 4.
(equation 6.68)
∑
{α′}
(
HNZ,I{α};{α′} − ENZ,Iσ NNZ,I{α};{α′}
)
f I{α′},σ = 0 (7.9)
where {α} ≡ {β, γ,K, Jc} now encodes all the constraints in a single index
and H and N the energy and norm overlaps where defined in 6.69 and 6.70
To shed light on the impact of including time-reversal symmetry breaking
states in the spectrum, the nucleus 32Mg has been computed with the GCM
method using four sets of intrinsic wave functions. All of them are computed
with nine major oscillator shells in the working basis. The simplest one (S1)
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is made of the 17 axial and time-reversal symmetric states. Such states are
marked in Fig. 7.1(a) with dots in the (γ = 0◦, 180◦) axis. Then, the S2 set
is defined by adding 32 more time-reversal conserving states (Jc = 0) in the
(β, γ) plane. Finally, two more batches of states, S3 and S4, are stablished
by adding 32 time-reversal symmetry breaking states with Jc = 2, and 32
more with Jc = 4 (see the dots in Fig. 7.1). Therefore, S1 ⊂ S2 ⊂ S3 ⊂ S4,
being the total number of states in the largest set equal to 113.
The ground state bands obtained with the GCM method implemented with
the different choices described above are shown in Fig. 7.5. It is important
to point out that the ground state energies obtained for the different calcu-
lations, are pretty close except for the pure axial case, where a difference of
0.4 MeV is found. The actual numbers are:
E(0+1 ) = −253.056,−253.477,−253.486,−253.498MeV
for S1, S2, S3 and S4 respectively. That shows that the ground state energy
is converged with respect to adding time-reversal symmetry breaking com-
ponents. However, the excited states are more affected by the inclusion of
triaxial and cranking states. Hence, we first observe a moderate compres-
sion of the spectrum from the axial (K = 0) to triaxial calculations with
Jc = 0. The decrease in energy is larger with increasing the angular momen-
tum, mainly due to the possibility of having more K-mixing in the GCM
states. However, the variational space for the excited states are much better
explored if time-reversal symmetry breaking is allowed. Therefore, a signifi-
cant compression of the spectrum is obtained for the S3 and S4 sets and the
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Figure 7.6: Excitation energies for the nucleus 32Mg calculated with the
GCM method with 113 axial+triaxial states and Jc = 0, 2, 4 (full symbols),
large scale shell model calculations (open circles) and experimental data (as-
terisks).
differences, once again, are bigger for larger angular momentum. In addi-
tion, we can infer that the excitation energies for the 2+1 and 4
+
1 states are
already converged with the S3 calculation since they do not vary significantly
from including Jc = 4 states to the Jc = 0, 2 ones. This is not the case for
larger values of the angular momentum, where probably intrinsic states with
Jc = 6, 8, ... should be also included in the GCM.
For the sake of completeness, the full spectrum computed with the S4 set is
represented in Fig. 7.6. Here, the first two bands display a rotational char-
acter, with a parabolic trend in the excitation energies, 0+ band-heads and
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∆I = 2 spacing. A third band starting at 2+3 with ∆I = 1 is also obtained,
showing a slight odd-even I staggering. In addition, large scale shell model
(LSSM) results [10–12] and experimental data [13–17] are also represented
in Fig. 7.6. Thanks to the compression of the spectrum produced by the ad-
dition of cranking states, a remarkable agreement between the experimental
and theoretical values for the 2+1 and 4
+
1 energies is obtained. In addition,
the present SCCM calculations predict very similar excitation energies to the
LSSM values for the g.s. band. However, the low excitation energy of the
0+2 state [17] is not reproduced here. LSSM calculations have shown that
this state is very sensitive to a subtle mixing of spherical 0p-0h and superde-
formed 4p-4h configurations [11]. In the present framework, the inclusion
of pairing fluctuations [18,19] and/or explicit quasiparticle excitations could
help to solve this puzzle since the excited 0+ states are mainly affected by
such a degree of freedom, lowering the excitation energies of those states.
To explore systematically the effect of the inclusion of time-reversal symme-
try breaking states within the GCM framework, we extend the calculations
performed in 32Mg to the magnesium isotopic chain 24−34Mg. The results are
obtained with seven major harmonic oscillator shells and the sets of wave
functions defined above S1, S2, S3, i.e., axial and triaxial shapes with Jc = 0
and 2 are included. In Fig. 7.7 we plot the excitation energies for the 2+1 and
4+1 calculated with these different approaches compared to the experimental
values. We see that the axial calculations describe the trends of the experi-
mental data but the energies are largely overestimated. Including the triaxial
degree of freedom without breaking the time-reversal symmetry reduces the
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+
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with the GCM method including axial states (red squares), axial+triaxial
with Jc = 0 states (blue diamonds) and axial+triaxial with Jc = 0, 2 states
(magenta open dots). Experimental values (black dots) are taken from
Ref. [20] and references therein.
excitation energies but the predicted values are still too high with respect to
the experiments. Finally, adding Jc = 2 states to the GCM set of wave func-
tions compresses further the spectrum and an outstanding agreement with
the experimental values is found. The only nucleus where the theoretical
values tend to be lower than the experimental ones is the nucleus 24Mg. Two
possible explanations for such a disagreement can be addressed. On the one
hand, Gogny D1S interaction could slightly overestimate the experimental
deformation of this nucleus, producing smaller excitation energies. On the
other hand, this is a N = Z nucleus and some alpha clustering and/or proton-
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neutron pairing correlations could be missing within the present framework,
because the intrinsic states are assumed to be a direct product of protons
and neutrons wave functions. The same effect has been also noticed in other
proton-rich N = Z nuclei such as 72Kr [21] and 80Zr [22]. However, mix-
ing protons and neutrons to take into account such proton-neutron pairing
correlations is beyond the scope of the present study.
In any case, we have to underline that these results constitute the first explicit
evidence of the compression of the spectrum when time-reversal symmetry
breaking is taken into account in GCM calculations with particle number and
angular momentum projection. Global calculations performed with these
methods assuming axial symmetry have displayed a systematic overestima-
tion of the 2+1 excitation energies around a factor ∼ 1.2 − 1.4 with respect
to the experimental values, both for Skyrme [23] and Gogny [24] function-
als. The present results show that such a disagreement can be corrected by
including triaxial and Jc 6= 0 states in the GCM framework.
7.4 Summary
In summary, we carried out GCM calculations with particle number and an-
gular momentum projection of HFB-like states that have different quadrupole
deformations (axial and triaxial) and intrinsic cranking angular momentum.
The performance of the method has been checked by taking advantage of
the self-consistent symmetries imposed to the intrinsic many-body states.
Since such wave functions were chosen to be eigenstates of a DT2h sub-group
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generated by the parity, simplex-x and T-simplex-y symmetry operators
({Pˆ , Πˆ1, Πˆ2Tˆ }), the potential energy surfaces (particle number and parti-
cle number plus angular momentum projected) must be symmetric in the
(β, γ) plane with respect to the (γ = 120◦, 300◦) axis. We have checked such
a non-trivial property both in individual states and in the whole (β, γ) plane,
taking the nucleus 32Mg as an example. The effect of including incremen-
tally intrinsic states with more symmetries broken in the GCM framework
has been also analyzed in 32Mg and in the magnesium isotopic chain 24−34Mg.
The results have shown that adding time-reversal symmetry breaking states
(Jc 6= 0) squeezes notably the spectra due to a better description of the ex-
cited states from a variational point of view. Such a compression puts the
theoretical values on top of the experimental ones for the lowest 2+ and 4+
states in the chain.
Bibliography
[1] Marta Borrajo, Toma´s R. Rodr´ıguez, and J. Luis Egido. Symmetry
conserving configuration mixing method with cranked states. Physics
Letters B, 746:341 – 346, 2015.
[2] K. Hara, A. Hayashi, and P. Ring. Nucl.Phys. A, 385:14, 1982.
[3] E. Wu¨st, A. Ansari, and U. Mosel. Nucl.Phys. A, 435:477, 1985.
[4] K. Enami, K. Tanabe, and N. Yoshinaga. Phys.Rev. C, 59:135, 1999.
[5] D. Baye and P. h. Heenen. Phys.Rev. C, 29:1056, 1984.
[6] J. Dobaczewski H. Zdun´czuk, W. Satu l a and M. Kosmulski. Phys.Rev.
C, 76:044304, 2007.
[7] P. Ring and P. Schuck. The nuclear many body problem. Springer-Verlag,
Berlin, 1980.
[8] T. R. Rodr´ıguez and J. L. Egido. Phys.Rev. C, 81:064323, 2010.
[9] R. Rodr´ıguez-Guzma´n, J. L. Egido, and L. M. Robledo. Nucl.Phys. A,
709:201, 2002.
104
BIBLIOGRAPHY 105
[10] E. Caurier, F. Nowacki, and A. Poves. Nucl.Phys. A, 693:374, 2001.
[11] E. Caurier, F. Nowacki, and A. Poves. Phys.Rev. C, 90:014302, 2014.
[12] A. Poves and F. Nowacki. private communication.
[13] D. Guillemaud et al. Nucl.Phys. A, 246:37, 1984.
[14] T. Motobayashi et al. Phys.Lett. B, 346:9, 1995.
[15] F. Azaiez et al. and Aip Conf. Proc., 495:171, 1999.
[16] S. Takeuchi et al. Phys.Rev. C, 79:054319, 2009.
[17] K. Wimmer et al. Phys.Rev. Lett., 105(25250):1, 2010.
[18] N. L. Vaquero, T. R. Rodr´ıguez, and J. L. Egido. Phys.Lett. B, 704:520,
2011.
[19] N. L. Vaquero, J. L. Egido, and T. R. Rodr´ıguez. Phys.Rev. C,
88:064311, 2013.
[20] http://www.nndc.bnl.gov.
[21] T. R. Rodr´ıguez. Phys.Rev. C, 90:034306, 2014.
[22] T. R. Rodr´ıguez and J. L. Egido. Phys.Lett. B, 705:255, 2011.
[23] B. Sabbey, M. Bender, G. F. Bertsch, and P. h. Heenen. Phys.Rev. C,
75:044305, 2007.
[24] T. R. Rodr´ıguez, A. Arzhanov, and G. Mart´ınez-Pinedo. Phys.Rev. C,
91:044315, 2015.
Chapter 8
Collective and Single-particle
Motion in 44S
The SCCM using time-reversal symmetry breaking states is now used to
calculate the fascinating structure of the semi-magic 44S nucleus, obtaining
an excellent quantitative agreement both with the available experimental
data and with state-of-the-art shell model calculations. Moreover, recent
experimental results also confirm our predictions [1]. Like before, intrinsic
nuclear quadrupole deformations and rotational frequencies are considered
simultaneously as the degrees of freedom within the symmetry conserving
configuration mixing framework. The results have been published in [2].
We incorporate now two main differences;
1. The angular momentum content is included in the intrinsic wave func-
tion by fixing the cranking frequency ~ω.
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2. We extend the range of triaxial quadrupole deformations to −60◦ ≤
γ ≤ 120◦ to the triaxial GCM -see Fig. 8.1(c).
The second point will allow to include single-particle effects through the pair
alignment by the cranking procedure. Therefore we study the nuclear states
with collective and single-particle character. The success of the present ap-
proach can be understood from the shell model point of view if one considers
that the wave function of a deformed shape can be expanded as a linear
combination of n-particle n-hole (np-nh) excitations of the spherical mean
field state [3], see also [4] for odd-nuclei. Previous SCCM calculations were
limited by construction to np-nh excitations coupled to AM zero. The con-
sideration of the cranking frequency as coordinate opens the possibility of
including np-nh excitations coupled to AM different from zero making the
variational space much richer. We now choose the exotic N = 28 isotone 44S
in which several unconventional properties have been observed. The signif-
icant 2+1 to 0
+
1 transition probability [5] suggests the erosion of the N = 28
shell closure, the presence of a low-lying 0+2 state [6,7] indicates shape coex-
istence and the very low 4+1 to 2
+
1 transition probability suggests a K = 4
isomeric state [8]. Recent experimental results also confirm the isomeric
character of this state [1]. All these findings have motivated an unusual
theoretical activity on this nucleus. There are mean-field calculations with
Skyrme and relativistic interactions [9, 10] and BMF studies with density
functionals [11–14] supporting the erosion of the N = 28 shell closure and
the manifestation of possible shape mixing and/or coexistence. Furthermore,
large scale SM calculations have been performed [6,15–18] providing a good
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description of the data. In 2015, the Tokyo group [18] proposed a new type
of high-K isomerism to explain the long lifetime (of the order of 50 ps [8])
of the 4+1 state. This state and its associated band was not found in our
earlier calculations [13]. Thus, the calculations we present here are a good
benchmark for our new theory.
With the new constraints the general wave function 6.67 is given by;
|ΨNZ;I,M ;σ 〉 =
∑
β,γ,ω,K
f IKσ(β, γ, ω)|ΦNZ;IMK(β, γ, ω)〉 (8.1)
In 6.78 we defined the probability density of finding a given I,K and con-
straints ~q ;
F Iσ (β, γ, ω) =
∑
µK
gIµσu
NZ,I
µ (β, γ, ω,K) (8.2)
In the (β, γ) plane the probability amplitude is obtained summing in all
possible ω;
P Iσ (β, γ) =
∑
ω
|F Iσ (β, γ)|2 (8.3)
As before the HFB w.f.s are determined in the PN variation after projection
(VAP) approach. As we have already said the incorporation of ω in the
GCM Ansatz of Eq. 8.1 is a generalization of the double projection method
of Peierls and Thouless [19, 20] for the case of rotations. This method is
known to provide the exact translational mass in the case of translations.
We therefore expect that the moments of inertia of our bands will be close to
the ones of the AM-VAP providing the sought after spectrum compression.
In the numerical applications we use a configuration space of eight harmonic
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Figure 8.1: Potential energy surfaces in the (β, γ) plane for two angular
frequencies and three angular momenta for the nucleus 44S. The energy origin
has been set at the energy minimum. The white dashed contours correspond
to 0.25, 0.50 and 0.75 MeV, the unlabeled black contours start at 4 in steps
of 2 MeV until 10 MeV. The units are: ~ω in MeV, I in ~ and γ in degrees.
oscillator shells, large enough for realistic predictions for 44S. Concerning the
generator coordinates we take three values of the angular frequency, namely,
~ω = 0.0, 0.75 and 1.25 MeV. For each ~ω value we take 70 points in the
(β, γ) plane, defined by 0 ≤ β ≤ 0.7 and −60◦ ≤ γ ≤ 120◦ -see Fig. 8.1(c).
As we mentioned we consider now this larger γ interval instead of the usual
0◦ ≤ γ ≤ 60◦ which increase drastically the computational burden, typically
at least by two orders of magnitude. We notice that rotations close to γ =
−60◦ and γ = 120◦ are non-collective and can excite single particle degrees
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of freedom.
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Figure 8.2: Spectrum of 44S, showing the B(E2) transition probabilities in
e2fm4. The thick arrows represent the E0 transition with its corresponding
value for ρ2. The experimental data [7, 8] are shown as thick dashed lines.
Only experimental states with safe spin assignment are included.
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8.1 Angular Momentum PES
The GCM states -Eq. 8.1- recover the broken symmetries in the HFB ap-
proach and mixes different configurations (β, γ, ω). We can stop in the ”step
two” studied in chapter 6, which means making a simplified Ansatz just
fixing a given (β, γ, ω) value and mixing only in K as to recover the sym-
metries to calculate the PN-AM projected energy in each point of the (β, γ)
plane and plot potential energy surfaces (PESs) for different ~ω values. In
Fig. 8.1 we have represented these energies for ~ω = 0.0 and 0.75 MeV and
for I = 0, 2 and 4 ~. For ~ω = 0.0 MeV (Fig. 8.1(a)-(b)) we observe the
mentioned symmetry, i.e., the three sextants are equivalent and can be ob-
tained by reflexions around the axis γ = 0◦ and γ = 60◦. For I = 0 ~ we
find a nucleus with β ≈ 0.30 and very soft in γ, with a slight minimum at
γ ≈ 30◦. For I = 2 ~ the lowest contours shifted towards the prolate and
oblate shapes and somewhat larger β values, and for I = 4 ~, not shown
here, the energy minimum close to the oblate shapes weakens about 1 MeV
as compared with the prolate one. The effect of the angular frequency on
the PESs can be seen in Fig. 8.1(d)-(f). We first observe that now the three
sextants are not equivalent anymore. For I = 0 ~ the PES looks similar to
the case ~ω = 0 MeV with the exception of the wedge around γ = 90◦. For
I = 2 ~ there are two minima at γ ≈ ±10◦ and at γ ≈ ±45◦ and the wedge
is still present. For I = 4~ and larger I-values the wedge disappears. The
reason for this behavior is simple: For the (β, γ) values inside the wedge,
the HFB w.f. presents a neutron two-quasiparticle state with aligned AM,
〈φ|Jˆx|φ〉 ≈ 4~, making it costly to project to AM values smaller than 4~.
112 Chapter 8. Collective and Single-particle Motion in 44S
However, this is not the case for I = 4~, Fig. 8.1(f), and we find three almost
degenerated minima, two around γ ≈ ±10◦ and β = 0.35 and a third one
around γ = 90◦ and β = 0.26. The minima at γ ≈ 90◦ and γ ≈ −45◦ will
play an important role in the interpretation of the collective w.f.s.
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Figure 8.3: Collective w.f.s in the (β, γ) plane for the indicated states. The
contour levels are separated by 0.01. The contour labelled 0 sets the scale
origin, the maximum is indicated by a black dot.
8.2 SCCM approach
The solution of Eq. 6.68 provides the energy levels and the w.f.s. The transi-
tion probabilities [21,22] and the shapes of the w.f.s allow to order the energy
levels into bands as shown in Fig. 8.2. The lowest levels provide the ground
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band, a band based on the 0+2 level, two pseudo-γ-bands based on the 2
+
3
and 2+4 states, a band based on the 4
+
2 level and a last one based on the 6
+
2
state. For the physical interpretation of these bands we show in Fig. 8.3 the
collective w.f.s, see Eq. 8.3, of representative states. The minima of Fig. 8.1
represent the relevant configurations and play a relevant role in the shape
of the collective w.f.s. The high-I members of a band with a w.f. looking
similar to the band head are not plotted. The 0+1 state presents a very ex-
tended w.f. with contributions from many configurations and a maximum
in the area 0◦ ≤ γ ≤ 60◦ and 0.15 ≤ β ≤ 0.3. It resembles the PES of
Fig. 8.1(a)-(b). The higher AM members of the band become prolate as can
be seen in the w.f. of the 2+1 state. The 0
+
2 state, band head of the first
excited band, is soft in the γ direction and peaks at a prolate shape. The
higher AM members of the band, however, are oblate, see for example the 2+2
state in Fig. 8.3. The second excited band, based on the 2+3 state presents
a triaxial-oblate shape with the maximum at β = 0.32 and γ = −45◦. The
third, fourth and fifth excited bands, with the 4+2 , 2
+
4 and 6
+
2 states as band
heads, have maxima at β ≈ 0.28−0.36 and γ ≈ 90◦−100◦, cf. the minimum
at this point of Fig. 8.1(f). Since the w.f.s of these three states look rather
similar we only display the one of the 4+2 state. The w.f. of the 4
+
2 state
strongly peaks at the maximum indicating a less collective character. If we
analyze the composition of the HFB w.f. at the maximum we find that it
corresponds to an aligned state with contributions from the νf7/2 and νp3/2
orbitals. The band starting at this level has been assigned in Ref. [18] as a
K = 4 band. In the present calculations, with explicit breaking of the time
reversal symmetry, the K quantum number looses relevance. However, in
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some cases, through the cranking mechanism, one has alignment along the
x−axis which can be used instead to characterize bands. If we express the
w.f. in the basis |IKX〉, with KX the projection of the angular momentum
along the intrinsic x-axis, we obtain that the w.f. of this state is predomi-
nantly KX = 4, in agreement with the interpretation of Ref. [18]. The band
based on the 6+2 level, is very similar to the one of the 4
+
2 state. In the basis
|IKX〉 the component with KX = 6 amounts to 76%. We would like to stress
the special role played by the sextants (0◦, 60◦) and (60◦, 120◦) of the (β, γ)
plane. They provide new states, like the 4+2 , and contribute actively to the
configuration mixing of other states. The spherical configurations, not shown
here, appear at several MeV of excitation energy, the lowest ones correspond-
ing to the 0+3 , 2
+
6 , 4
+
8 , and 6
+
8 states, a clear indication of the erosion of the
N = 28 shell closure. The spectroscopic quadrupole moments of the band
heads are : Qspec(2
+
1 ) = −14.4 efm2, Qspec(2+2 ) = 6.5 efm2, Qspec(4+2 ) = 26.9
efm2, Qspec(2
+
3 ) = −13.8 efm2. For comparison the experimental data have
also been plotted in Fig. 8.2 as thick lines. With respect to the energy values
we obtain a good agreement.
8.3 Transition probabilities
Concerning the transition probabilities very good agreement is found for the
E0 from the 0+2 to the 0
+
1 state and the E2 from the 2
+
1 to the 0
+
1 while
the B(E2; 0+2 → 2+1 ) is slightly overestimated. In our calculations the 4+2
state decays both to the 2+1 (with a B(E2) = 1.4 e
2fm4) and 2+2 states
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Figure 8.4: Comparison of several theories: Triangles, red lines, Tokyo group
[18]; diamonds, green lines, Madrid-Strasbourg collaboration [23]; boxes, blue
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frequency dependence [13].
(with a B(E2) = 20 e2fm4). The latter decay branch has not been observed
experimentally. Considering the theoretical values, we estimate a branching
ratio of 74% for the decay branch to the 2+1 state and a lifetime of 84 ps to be
compared with the experimental value of about 50 ps [8]. Another interesting
finding is that the 6+2 level, which is similar in structure to the 4
+
2 state, has
a much shorter lifetime since it has several decay branches. Furthermore its
small excitation energy above Yrast makes it experimentally accessible.
In Fig. 8.4 we now compare the performance of the present method with state-
of-the-art SM calculations of the Madrid-Strasbourg collaboration [8] in the
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full sd(fp) valence space for protons (neutrons) with the SDPF-U interaction
[15, 23] and with those of the Tokyo group [18] in the pi(sd)(Z−8)ν(pf)(N−20)
and the SDPF-MU. The agreement between the two SM calculations and our
present approach for the ground state and first excited bands is extraordinary.
Also for the quasi-γ-band we find good agreement between our approach and
the one of the Madrid-Strasbourg collaboration. Small deviations are ob-
served for the I = 5~ and 6~ states of the ”K = 4” band. The transition
probabilities are also similar. For example with the SDPF-U interaction one
obtains [16] B(E2; 6+1 → 4+1 ) = 118 e2fm4, B(E2; 4+1 → 2+1 ) = 111 e2fm4,
B(E2; 2+1 → 0+1 ) = 75 e2fm4, to compare with our values of 153, 125 and 87
e2fm4, respectively. We note that in our calculations no effective charges are
used and that the D1S parametrization was fitted long ago to provide reliable
global properties along the nuclide chart, reinforcing the predictive power of
our approach. In Fig. 8.4 we can also observe the improvement provided by
the present approach as compared to our former results [13] obtained with-
out considering the ω degree of freedom. These calculations gave the right
tendency but an stretched spectrum which is corrected in the present frame-
work (see also [24]). Furthermore, we also observe that the aligned structures
observed in the present calculations cause a decrease in the collectivity of the
w.f.s and consequently a decrease of the transition probabilities which often
were found too large in the past. All these facts improve considerably the
agreement of the present approach with the experiment.
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8.4 Summary
In conclusion, we considered cranked w.f.s together with triaxial deforma-
tions (β, γ) in the Symmetry Conserving Configuration Mixing approach.
As in the Mg isotopic chain, the cranking procedure introduces an angular
momentum dependence in the calculations providing a compression of the
otherwise stretched spectrum. Furthermore, through the alignment mecha-
nism, single particle degrees of freedom are introduced, opening a door to a
physics unaccessible before in these approaches. The aligned configurations
provide a decrease of the collectivity of the w.f.s leading to smaller transi-
tion probabilities in agreement with the experiment. These three facts cure
the deficiencies of former SCCM approaches providing a very powerful tool
in nuclear structure calculations. The exotic nucleus 44S, with a very rich
nuclear structure, we have shown that this approach provides high quality
nuclear spectroscopy comparable with the state-of-the-art of SM calculations
with tailored interactions and experimental data. The advantages of our ap-
proach are the added value of the intrinsic system interpretation and that
our interaction, the Gogny force, is well known for its predictive power and
good performance for bulk properties all over the chart of nuclides. These
calculations set a new standard in the state-of-the-art of BMF methods with
density dependent interactions. A drawback of our approach in its present
form is that the increase from one to tree sextants as well as the consid-
eration of one more coordinate enlarge considerably the CPU time of the
calculation. Systematic studies or calculations with a very large number of
major shells are not feasible in a small local cluster. In the next chapter we
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study a possible approximation to reduce the computational cost.
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Chapter 9
An approximation in SCCM
calculations.
The complexity of the triaxial angular momentum projection and the ne-
cessity of considering several generator coordinates has increased the CPU
time necessary for these calculations so much that some approximations are
needed to study heavy nuclei. In this work we propose an approach that re-
duces the CPU time considerably and at the same time provides good results.
The results have been published in [1]
In the symmetry conserving mean field approximation (SCMFA) the wave
function is (see eq 6.67) ;
|ΨNZ;IM ;σ 〉 =
∑
~q,K
f IKσ(~q)P
I
MKP
NPZ |Φ(~q)〉
=
∑
~q,K
f IKσ(~q)|ΦNZ;IMK(~q)〉 (9.1)
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The present approximation consists on the reduction of this grid by one order
of magnitude.
The choice of the coordinates ~q is a very crucial issue. The simplest approach
is to consider axially symmetric calculations. In this case there is only one
coordinate, namely the β deformation and K = 0. There have been cal-
culations of this type with the Skyrme [2], Gogny [3, 4] and relativistic [5]
interactions. This approach provides a good qualitative description of nu-
clei close to axial symmetry. The main drawbacks are obviously the absence
of triaxial effects and the prediction of very stretched spectra. A consider-
ably more realistic case is to consider the triaxial deformation. In this case
~q = (β, γ,K) and again there have been calculations with the three effective
interactions mentioned above [6–8]. In these calculations the γ bands are
properly described and the spectra are less stretched than in the axial case
but still stretched as compared with the experiment. This can be seen in Fig
7.5 of Chapter 7. Also we display in Fig. 9.1 (taken from Ref. [7]) the whole
spectrum of 24Mg compared with the experiment In the axial case (left), the
experimental ground state band is well reproduced, a well developed β-band
is found though at too high excitation energy, but the γ-band is not found.
If we now include triaxial effects, i.e., the γ degree of freedom, we obtain the
triaxial spectrum shown in the middle panel of Fig. 9.1. Now a well devel-
oped γ-band is found and a considerable lowering of the β-band is obtained.
To remedy this situation proposed in this work to incorporate the cranking
frequency as a generator coordinate. Therefore the use of deformation and
cranking frequencies as degrees of freedom can be considered a good ansatz;
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Figure 9.1: Calculated excitation energies and reduced transition probabil-
ities B(E2) (in e2fm4) in 24Mg obtained using axially symmetric (left) and
triaxial (middle) GCM-PNAMP approaches compared to the experimental
values (right). The experimental values are taken from [9].
and Eq. 9.1 looks like
|ΨNZ,Iσ 〉 =
∑
β,γ,ω,K
f Iσ(β, γ, ω,K) P
NP IMK |φ(β, γ, ω)〉. (9.2)
As mentioned, the HFB w.f. |φ(β, γ, ω)〉 are determined by minimizing [10]
the energy functional
E[φ] =
〈φ|HPZPN |φ〉
〈φ|PZPN |φ〉 − 〈φ|ωJˆx + λq0Qˆ20 + λq2Qˆ22|φ〉, (9.3)
where Qˆ2µ and Jˆx are quadrupole moment and the x-component of the an-
gular momentum operators respectively, and ω, the cranking frequency, is
kept constant in the minimization procedure. (see Ch. 8 for details). With
te addition of angular content in the intrinsic wave functions we expect that
the moments of inertia of our bands are to the ones of the AM-VAP providing
the sought-after spectrum compression, as seen in the Mg isotopic chain and
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44S
The consideration of the angular frequency as a generator coordinate has a
big impact on the CPU time of the calculations because the cranking term
−ωJˆx added in Eq. 9.3 causes a time reversal symmetry breaking (TRSB).
Besides the obvious fact of adding one more coordinate to the calculations the
symmetry breaking has two important consequences: First, one cannot per-
form axially symmetric calculations even in nuclei where no triaxial effects are
expected and second, the usual 0◦ ≤ γ ≤ 60◦ sextant is not equivalent any-
more to all sextants in the {β, γ} plane and the half plane −60◦ ≤ γ ≤ 120◦
must be used. In general, the consideration of ~ω as a generator coordinate
amounts to an increase of two orders of magnitude in the CPU time.
uncomment the following lines to place a figure
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Figure 9.2: Excitation energies of the 2+1 states in the Titanium isotopes in
two approaches: Time reversal symmetry conserving (filled diamonds, blue
color) and time reversal symmetry breaking (filled squares, red color). The
experimental values [11–14] (bullets, black color) are also shown.
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In the calculations shown in chapters 7 and 8 only light nuclei were stud-
ied and a small number of oscillator shells were considered as configuration
space. In order to study heavier nuclei some approximations are needed. In
the SCCM Ansatz, Eq. 9.1, and for not too large angular momenta, it is
sufficient to consider two or three ω values. For β in general about 12 mesh-
points are needed and for γ on the average about 18 points. The largest
energy dependence is with the β degree of freedom but the coordinate that
most increases the CPU time is the γ. The approximation that we investi-
gate is to perform triaxial calculations but without constraining on γ. That
means, for fixed ω and β values Eq. 9.3 is solved (obviously without the con-
straint on Qˆ22) and the corresponding self-consistent γ value is determined
by the variational principle. For a given β and different ω, in general, we
obtain different γ values increasing thereby the diversity in the mixing. To
test the approach, we have performed calculations for the nucleus 22Ti, which
we already studied in Ref. [4] in an axially symmetric approach. The config-
uration space has eight oscillator shells. Since we are only interested in the
low spin region we consider only two ~ω values, namely ~ω = 0.0 MeV and
~ω = 0.5 MeV. We use the interval 0 ≤ β ≤ 0.6 with a step size of 0.05, i.e.,
13 points for ~ω = 0.0 MeV and 12 points for ~ω = 0.5 MeV. That means,
we have to solve a Hill-Wheeler Equation with 25 points and triaxial angular
projection. In Fig. 9.2 we show the excitation energies of the 2+1 states for
the Titanium isotopes in two approximations in comparison to the experi-
mental results. The simplest approach is assuming axial symmetry, i.e., in
the calculations only ~ω = 0.0 and 13 β points are considered, these are time
reversal symmetry conserving calculations (TRSC). As compared with the
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experiment these calculations provide the right behavior of the energy for
the different isotopes but with too large values. In the second calculation we
add the 12 points corresponding to ~ω = 0.5 MeV, these are TRSB calcu-
lations and a triaxial angular momentum projection must be performed. As
we can observe in Fig. 9.2, the energy lowering is very significant bringing
the theoretical results almost in agreement with the experimental ones.
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Figure 9.3: B(E2; 0+1 −→ 2+1 ) transition probabilities in the Titanium iso-
topes in two approaches: Time reversal symmetry conserving (filled dia-
monds, blue color) and time reversal symmetry breaking (filled squares, red
color). The experimental values [15] (bullets, black color) are also shown.
Another aspect of the SCCM calculations, not mentioned yet, which causes
some trouble is that it in general they provide larger collectivity than exper-
imentally observed. In Fig. 9.3 we show the B(E2; 0+1 −→ 2+1 ) values for the
Titanium isotopes in the same two approximations as before. The TRSC
calculations provide B(E2) values that are too high as compared with the
experiment. The TRSB, however, decreases these values considerably so a
very good agreement in obtained.
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In conclusion, we have presented an approach to time reversal symmetry
breaking calculations that reduce considerably the computational burden.
This approximation will allow to extend the TRSB calculations to medium
and heavy nuclei allowing an accurate description of nuclear properties.
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RESULTS II 
Symmetry conserving
configuration methods in odd-A
nuclei
Chapter 10
Ground-state properties of even
and odd Magnesium isotopes
This is the first systematic description of the odd and even nuclei of an iso-
topic chain in a symmetry-conserving approach with the Gogny force in a
BMFT considering the (β, γ) degrees of freedom explicitly and dealing opti-
mally with the pairing correlations. We consider exact triaxial self-consistent
blocking and exact particle number and angular momentum conservation.
We apply our theory to the odd an even nuclei of the Magnesium isotopic
chain. The results have been published in [1].
In this study we do the first two steps explained of Chapter 6; We solve the
PN-VAP equations for a blocked wave function for different triaxial shapes.
After, we recover the rotational invariance in each of these points. Basic
properties like odd-even mass differences, magnetic and quadrupole moments
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as well as mass radii, among others, are investigated. We will see we obtain an
outstanding description of the ground-state properties, in particular binding
energies, odd-even mass differences, mass radii and electromagnetic moments
among others.
10.1 PN-VAP calculation of a blocked wave
function
We have already seen this method in even nuclei, so we now concentrate on
the solution of the odd ones. We call |φ˜〉 the blocked wave function (see
Chapter 5.1). Though the state |φ˜〉 has the right blocking structure, since
the Bogoliubov transformation mixes creator and annihilator operators and
states with different angular momenta, |φ˜〉 is not an eigenstate of the PN or
the AM operators.
The grid of wave functions is obtained as usual, but now for the blocked w.f.
|φ˜〉 minimizing;
E ′[φ˜] =
〈φ˜|HˆPˆN PˆZ |φ˜〉
〈φ˜|PˆN PˆZ |φ˜〉 − 〈φ˜|λq0Qˆ20 + λq2Qˆ22|φ˜〉, (10.1)
We therefore consider wave functions of the form
|φ˜τpi〉 = β†,τpiρi |φ〉 = β†,τpiρi
2M∏
µ=1
βµ|−〉. (10.2)
According to the isospin and parity we have four blocking channels: protons
10.2. Rotational invariance restoration 133
(neutrons) of positive or negative parity. Since Magnesium isotopes have
Z = 12, we restrict ourselves to the neutron channels, so we omit τ index in
10.2 from now on. As we saw in chapter 5.1, equation 5.13 the parity, pi, of
the state |φ˜pi〉 is given by the parity of the blocked level β†piρ1 (orbitals with
the same parity are occupied pairwise). Also, we saw we can block a state
with positive or negative simplex, but since we do not break time reversal
explicitly both possibilities are degenerated. The minimization of Eq. 10.1
is again performed with the conjugated-gradient method [2]. The blocking
structure of the wave function of Eq. (10.2) is a self-consistent symmetry
and for a given blocking number we determine the lowest solution in the
blocked channel compatible with the imposed constraints. That is, it does
not matter which level is initially blocked, at the end of the iteration process
the PN-VAP energy and the HFB wave function are independent of this
election.
10.2 Rotational invariance restoration
The next step is the simultaneous particle-number and angular-momentum
projection (PNAMP) of each state |φ˜pi(β, γ)〉 that conforms the (β, γ) grid,
|ΨNZ;IM,piσ (β, γ)〉 =
∑
K
f I,piKσP
NPZP IMK |φ˜pi(β, γ)〉
=
∑
K
f I,piKσ |φ˜NZ;IM,piσ (β, γ)〉, (10.3)
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where the coefficients f I,piKσ are determined as usual; by the energy minimiza-
tion which provides a reduced Hill-Wheeler-Griffin equation 6.36 .
We solve this equation in the (β, γ) grid for different angular momenta and
now also for different parity, and this provides ENZ,I,piσ (β, γ) as a function of
(β, γ), I, pi and σ ;
ENZ,I,piσ (β, γ) =
〈ΨNZ;IM,piσ (β, γ)|Hˆ|ΨNZ;IM,piσ (β, γ)〉
〈ΨNZ;IM,piσ (β, γ)|ΨNZ;IM,piσ (β, γ)〉
, (10.4)
which obviously represents the potential energy surface (PES) of the pro-
jected energy in the (β, γ) plane for the given quantum numbers. The
minimum value of ENZ,I,piσ (β, γ) in the PES provides the energy and the
deformation parameters (βmin, γmin) of the state characterized by the quan-
tum numbers (I, pi, σ) in this approximation. Its wave function is given by
|ΨNZ;IM,piσ (βmin, γmin)〉.
We will also study the probability of finding a value K ; see eq. 6.48 .
In the calculations the intrinsic many body wave functions |φ˜pi(β, γ)〉 are
expanded in a Cartesian harmonic oscillator basis and the number of spherical
shells included in this basis is Nshells = 8 with an oscillator length of b =
1.01A1/6. The (β, γ) grid of equilateral triangles contains 116 points. As
in the rest of calculations, we use the Gogny interaction [3] with the D1S
parameterization [4]. As with even nuclei, we consider all exchange terms,
the Coulomb force and the two-body correction of the kinetic energy to avoid
problems with the PNP [5]. Also we adopt the projected density prescription
for the PNP and the mixed one for the AMP.
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Figure 10.1: Contour plots of ENZ,I,piσ=0 (β, γ), see Eq. (10.4), as a function
of (β, γ) for positive parity and for the angular momentum I providing the
lowest energy. The solid black contour lines start at 1MeV and increase 1
MeV. The dashed white lines start at zero and increase 0.1 MeV. The zero
contour is only present if the minimum is flat enough. The angle γ units are
degrees.
To illustrate the method we have applied the discussed theory to the calcu-
lation of the bulk properties of the Magnesium isotopes. Towards this end
we have to determine the wave function of the ground state of each isotope.
This is done in the following way.
Step 0: We choose a parity (positive for example) for the blocked state in
Eq. (10.2). Next we solve the PN-VAP variational equations Eqs. 10.1 for all
(β, γ) values of the grid. This step provides a set of wave functions |φ˜pi(β, γ)〉
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(PNZ |φ˜pi(β, γ)〉) with the right parity (and particle number). However, they
are not eigenstates of the angular-momentum operator.
Step 1.0: We choose a value for the angular momentum, 1/2 for example.
We now solve Eq. (6.36) for all |φ˜pi(β, γ)〉 of the grid determined in step 0 for
the given I-value. This provides the PES of Eq. (10.4). The minimum value
of E
NZ,1/2,+
σ=0 (β, γ) provides the (β
1/2,+
min , γ
1/2,+
min ) values.
Step 1.1: We repeat step 1.0 for all I-values, and determine the corresponding
PESs and the (βI,pimin, γ
I,pi
min) values for I = 3/2, 5/2, ... . When this step is com-
pleted we have found the minima (βI,pimin, γ
I,pi
min) for I = 1/2, 3/2, 5/2, ... and
positive parity. Their corresponding energies are E
NZ,1/2,+
σ=0 (β
1/2,+
min , γ
1/2,+
min ),
E
NZ,3/2,+
σ=0 (β
3/2,+
min , γ
3/2,+
min ), etc. From this set of energies the smallest one pro-
vides the angular momentum of the lowest state with positive parity, which
we call I1, and its energy E
NZ,I1,+
σ=0 (β
I1,+
min , γ
I1,+
min ).
Step 2: We repeat steps 0, and 1 for the other parity (negative). When this
step is completed we have determined the corresponding PESs, the defor-
mation parameters of the minima and the energies E
NZ,1/2,−
σ=0 (β
1/2,−
min , γ
1/2,−
min ),
E
NZ,3/2,−
σ=0 (β
3/2,−
min , γ
3/2,−
min ), etc. As before the smallest energy provides the an-
gular momentum of the lowest state with negative parity. We call it I2 and
its energy ENZ,I2,−σ=0 (β
I2,−
min , γ
I2,−
min ).
The smallest value of ENZ,I1,+σ=0 (β
I1,+
min , γ
I1,+
min ) and E
NZ,I2,−
σ=0 (β
I2,−
min , γ
I2,−
min ) provides
the binding energy, the spin and the parity of the ground state of the given
nucleus as well as the deformation parameters (βI,pimin, γ
I,pi
min). The wave function
|ΨNZ,I,piM,σ=0(βI,pimin, γI,pimin)〉 characterized by these quantum numbers determines the
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Figure 10.2: Single-particle levels of 30Mg for neutrons obtained from the
solution of the axially-symmetric HFB equation. The thick dashed lines
represent the corresponding Fermi level.
wave function of the ground state which will be used to calculate electromag-
netic properties, radii and so on.
10.2.1 K distribution of the states
Before considering the ground-state properties let us discuss the PESs of the
different isotopes since they allow to determine the quality of the approach
and in particular if the energy minimum is well defined.
In Fig. 10.1 we present contour lines of the PES ENZ,I,piσ=0 (β, γ) in the (β, γ)
plane for the Ipi of the ground state for the Mg isotopes. Let us first mention
that the predicted spins and parities coincide with the experimental values
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in all cases. Interestingly all nuclei are triaxial with γ values ranging from
10◦ to 25◦, and have large β deformations. Since most minima are very well
defined we can conclude that our approach of keeping only one point of the
(β, γ) plane works very well for most nuclei. The softest nucleus is 20Mg
where a GCM in the (β, γ) could be performed, which, in general, would
lead to smaller deformation than the one quoted here. In Table 10.1 the
(β, γ) values of the ground states are listed. For a better understanding of
our results we use the collective wave function, (see 6.47 or 8.3), to obtain
the |K| distribution of the odd neutron. The |K| component with the largest
weight is listed in Table 10.1 and it turns out that these wave functions have
rather pure |K|. This purity, in spite of the, sometimes, large triaxiality has
been also observed for even-even nuclei (see Table I of Ref. [6]) for the ground
state band. The absence of K-mixing is probably due to the low level density
of light nuclei. Furthermore we analyze the intrinsic HFB wave function
|φ˜pi(β, γ)〉 in the canonical basis what provides information on the quantum
numbers of the blocked state for odd systems. To guide the discussion we
will use a Nilsson plot, see Fig. 10.2 for the particular case of 30Mg. We will
furthermore use in our analysis the particle plus rotor (PR) model. Let us
first discuss the spin values and parities. In the PR model, and according
to the deformations of the Mg isotopes, one expects to be in the strong-
coupling limit (strong deformations), in which case the lowest possible spin
is Iσ=0 = K, or in the decoupling limit (intermediate deformations), in which
case Iσ=0 = j. According to Table 10.1 and Fig. 10.2, the nucleus
21Mg has
a very pure |K| = 1/2 character and consequently a large component of the
wave function of the last neutron is in the orbital [220 1/2] of the 1d 5
2
subshell.
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The theoretical value for the spin and parity of 21Mg is Ipi = 5
2
+
which agrees
with the decoupling limit prediction of I = j = 5
2
and with the experimental
data. This is a bit surprising since the β value is rather large and in principle
one would expect the strong coupling limit. A look at the experimental data
reveals that the I = |K| = 1
2
state is just 200 keV above the I = j = 5
2
one.
As a matter of fact the 23,25Mg isotopes with |K| = 3/2 ([211 3/2] orbital)
and |K| = 5/2 ([202 5/2] orbital), with a larger deformation, see Table 10.1,
do have I = K = 3
2
and I = |K| = 5
2
, respectively, in agreement with the
experimental values. The nucleus 27Mg with a neutron with |K| = 1
2
in the
2s1/2 sub-shell has obviously I =
1
2
in agreement with the experimental value.
In the case of 29Mg we have |K| = 1/2 and the odd neutron sits in the orbital
[200 1/2]. Since its deformation is β = 0.37, smaller than the one of 21Mg, we
expect also in this case the decoupling limit value of I = 3
2
, in agreement with
our result and the experimental data. In the case of 31Mg, with |K| = 1/2, we
have two particles in the [330 1/2] and one particle in the [200 1/2], see below,
as in 29Mg. However, in this nucleus the deformation is β = 0.60. We are
in the strong-coupling limit, and expect therefore I = K = 1
2
in coincidence
with the theoretical and the experimental values. All these nuclei have the
unpaired nucleon in the 2s or the 1d shells and have positive parity. Our
last odd nucleus, 33Mg, has |K| = 3/2, the last neutron sits in the [321 3/2]
orbital and it has a large deformation. We expect therefore I = |K| = 3
2
and negative parity, in agreement with the theoretical and the experimental
values.
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A Ipi β, γ βexp |K|(%) Qspec
20 0+ 0.46, 17.5◦ — – —
21 5
2
+
0.54, 14.9◦ — 1
2
(99.1%) −17.80
22 0+ 0.65, 12.2◦ 0.58 (11) – —
23 3
2
+
0.64, 10.9◦ — 3
2
(99.9%) 13.89
24 0+ 0.65, 12.2◦ 0.605 (8) – —
25 5
2
+
0.54, 17.5◦ — 5
2
(99.7%) 22.47
26 0+ 0.49, 25.3◦ 0.482 (10) – —
27 1
2
+
0.41, 23.4◦ - 1
2
(100%) 0
28 0+ 0.46, 17.5◦ 0.491 (35) – —
29 3
2
+
0.37, 19.1◦ — 1
2
(96.0%) −10.71
30 0+ 0.39, 21.1◦ 0.431 (19) – —
31 1
2
+
0.60, 11.7◦ — 1
2
(100.0%) 0
32 0+ 0.54, 14.9◦ 0.473(43) – —
33 3
2
−
0.60, 11.7◦ — 3
2
(99.9%) 14.17
34 0+ 0.62, 13.0◦ 0.58(6) – —
Table 10.1: The 2nd and 3rd columns display the spin and parity and the
β, γ deformations of the ground state of the different isotopes. Notice that
only 33Mg has a ground state with negative parity. The 4th column shows
the experimental β deformation taken from Refs. [7,8]. The 5th column lists
the |K| component with the largest weight in the wave function, with the
percentage of this |K| value in the total wave function. The 6th column
provides the theoretical spectroscopic quadrupole moments, in efm2.
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Figure 10.3: (a) Binding energy per particle versus de mass number. (b)
One-neutron separation energies versus the mass number. (c) Two-neutron
separation energies versus the mass number. The experimental values are
taken from Ref. [9]
.
10.2.2 Nuclear shapes
We now discuss the shapes of the nuclei. The nucleus 20Mg has a neutron
shell closure at N = 8 and therefore one expects a smaller deformation than
for the heavier isotopes. The same behaviour is expected for 21Mg with just
one neutron outside the closed shell. The isotopes 22−24Mg have a β-value
close to 0.65 and correspond to the filling of the Nilsson orbitals [220 1/2] and
[211 3/2] of the d5/2 sub-shell, see Fig. 10.2, which are down-sloping. The
orbital [202 5/2] of the d5/2 sub-shell starts being occupied in
25Mg which
causes a decrease of the deformation because of its up-sloping character.
The nuclei 26−28Mg correspond to the filling up of the d5/2 and s1/2 sub-shells
and the calculated β-value is 0.45 which is close to the crossing of the [202 5/2]
and the [211 1/2] Nilsson levels. If we now add more neutrons we populate
the orbital [200 1/2] of the d3/2 sub-shell which is down-sloping for small
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and up-sloping for larger β-values. This explains the moderate deformation
of 29−30Mg. The nearest orbitals available to host the next neutrons are
the up-sloping [202 3/2] of the d3/2 sub-shell and the strongly down-sloping
[330 1/2] of the f7/2 sub-shell. In this case it is energetically most convenient
to start filling the [202 3/2] orbital at moderate deformation. It should be
noticed, however, the softness of the PES of 30Mg in the β degree of freedom
corresponding to the population of the [330 1/2] orbital at larger deformation.
In the PES of 31Mg we observe an abrupt increment of the deformation
parameter as compared with 30Mg. This is because now the orbital [330 1/2]
is filled and in the orbital [202 3/2] there is only one neutron, indicating the
beginning of the inversion island [10]. For heavier isotopes the up-sloping
character of the [202 3/2] orbital at larger deformations will favour the filling
of the [321 3/2] orbital of the f7/2 shell, driving these isotopes to even larger
deformations as we obtain for the 32−34Mg isotopes.
As mentioned, all analysed Mg isotopes are triaxial and, with the exception of
26Mg, rather soft towards the prolate axis, i.e., contour lines less than 1 MeV
cross the prolate axis. These nuclei, because of their large β values, are much
harder towards oblate shapes. The softest ones are those with the smallest
deformation parameter β, namely 26,27Mg and 29,30Mg for which the contour
lines less than 2 MeV cross the oblate axis. Furthermore, the experimental
deformations listed in Table 10.1 are in good agreement with the theoretical
values. Notice, however, that at variance with our values, the experimen-
tal deformations have been extracted from E2 transition probabilities, see
Refs. [7, 8].
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10.3 Ground state relevant properties
10.3.1 Odd evan mass difference and binding energies
We now discuss relevant properties of the ground states. In panel (a) of
Fig. 10.3 we present the theoretical binding energies per particle for the Mg
isotopes together with the experimental ones versus the mass number. The
theoretical binding energies have been obtained from the energy minima of
the corresponding ground state PESs. The theory line follows very closely
the general behaviour of the experimental one. We obtain overbinding which
is due to the fact that we are using the D1S parameterisation of the Gogny
force which was fitted to reproduce experimental data with the HFB method.
Though the authors of Ref. [3] left some room for eventual BMF effects appar-
ently this was not sufficient, see also Refs. [11, 12]. One should furthermore
consider that the 8 harmonic oscillator shells used in the calculations are
alright to provide relative but not absolute energies for which a larger num-
ber of shells is needed, see Ref. [12, 13]. Based on these references one can
estimate that an additional overbinding of 2.3 to 2.7 MeV should be added
to the results of the present calculations.
In this plot one can appreciate the odd-even staggering in the two parabolas,
one for even-even and another for the odd-even isotopes, obtained both in
the experiment and in the theory. The parabola maximum at A = 26 corre-
sponds to the neutron half-shell, N = 14, which provides maximal binding
per particle. In panels (b) and (c) we present the one- and two-neutron sep-
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aration energies, respectively. For Sn, with the exception of two isotopes,
22,24Mg, we obtain an extraordinary agreement between the theoretical re-
sults and the experimental data. The small disagreement observed for the
nuclei 22,24Mg is probably related to the fact that proton-neutron pairing is
not included in our calculations. Therefore, we find the largest discrepancy
in 24Mg corresponding to the N = Z = 12 case. For 22Mg the disagreement is
smaller and for 26Mg, with the neutron 1d5/2 subshell closure, the p-n pairing
looses relevance. In the S2n case the excellent agreement is maintained but
now with the exception of the isotopes 22−25Mg for which the agreement is
not as good as for the others. The small plateau found at A = 26, 27 is due
to the behaviour observed at the top of the parabola in panel (a).
In our approach the pairing correlations are treated specially well. First,
the finite range density dependent Gogny force used in the calculations is
considered to be one of the best to describe pairing correlations and used as
benchmark in many calculations. Second, the use of the PN-VAP approach
avoids the pairing collapse in the weak pairing regime which is normally ob-
served in the case of odd-even nuclei. And third, the Coulomb anti-pairing
effect (CAP) is taken into account since all exchange terms of the force, in
particular the Coulomb ones, are considered in our calculations. A quantity
which allows to extract information on the pairing energies from the exper-
imental nuclear mass is the odd-even mass difference. In the three point
approach this magnitude is given by
∆30(A) =
1
2
[B(A+ 1) +B(A− 1)− 2B(A)] , (10.5)
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with the proton number Z a constant even number and B(A) a positive
number. In Fig. 10.4 we plot ∆30(A) for the Mg isotopes as a function of
the mass number. The points above the horizontal line correspond to the
odd-even nuclei and those below to the even-even ones. On average the
odd-even nuclei have about 0.5 MeV less pairing than the even-even ones.
The agreement between the theoretical results and the experimental data
is excellent, specially for the heavier isotopes. For the lighter nuclei, in
particular 21Mg and 23−24Mg, the theoretical results are a bit smaller, in
absolute value, than the experimental ones. This is again a consequence of
the mentioned absence of p-n pairing in our calculations.
10.3.2 Nuclear radii
Another relevant quantity is the nuclear radius. In Fig. 10.5 the experimental
mass radii [14] corresponding to point mass nucleons1 are plotted together
with the theoretical results. In the calculation of the mass radius we consider
the one-body term of the center-of-mass correction. The theoretical results
reproduce very well the overall experimental behaviour. One can distinguish
three well differentiated regions. We first observe a rather flat behaviour of
the mass radius for 24−26Mg in which the increase of the neutron radius with
filling the neutron 1d 5
2
orbital is compensated by a compression of the charge
distribution. This effect has been observed in the Ne [15, 16] and in the Mg
isotopes [17]. Though with the filling of the 2s 1
2
orbital one would expect
an increase of the mass radius, it seems that the mentioned compensation
1Private communication of Dr. Shin Watanabe
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Figure 10.4: Odd-even mass differences according to Eq. (10.5). The experi-
mental data are from Ref. [9]
.
persists also for 27Mg. The second region corresponds to the nuclei 28−30Mg,
where we observe a clear increase of the mass radius associated with two
neutrons in the 2s 1
2
or 1d 3
2
orbitals. The third region, for A ≥ 31 is marked
by the beginning of the inversion island in 31Mg [10] and the rise in the mass
radius observed for A ≥ 31 is associated with the increasing occupation of
the 1f 7
2
orbital.
10.3.3 Spectroscopic quadrupole moment and magnetic
moment
Concerning the spectroscopic quadrupole moments of these nuclei they have
been listed in Table 10.1. Experimentally there are only two known values,
namely, 11.4 (2) efm2 in the case of 23Mg [18] and 20.1(3) efm2 for 25Mg [19].
Both values are somewhat smaller than the theoretical predictions 13.89 efm2
10.3. Ground state relevant properties 147
and 22.47 efm2, respectively. Concerning the magnetic moments there are
more experimental data and these, together with the theoretical values, are
plotted in Fig. 10.6. In the calculations we have used the free gyromagnetic
factors. We have also plotted the Schmidt values calculated with the occupa-
tions determined in the discussion of Fig. 10.1. As expected, due to the large
deformations of these nuclei, the Schmidt values provide a poor description.
For 21−27Mg the Schmidt value is −1.9µN and the experimental data are
about half of it. The relatively good agreement of the Schmidt with the ex-
perimental value for 29Mg is probably due to the fact that this nucleus is the
less deformed of all discussed isotopes. According to the occupation of the
last nucleon 31Mg should have the same Schmidt magnetic moment as 29Mg.
In contrast with the latter the experimental value for 31Mg, however, differs
significantly from the Schmidt value. This is probably due to the fact that
31Mg is far more deformed (β = 0.60) than 29Mg (β = 0.37) and therefore
further away from the spherical limit. For 33Mg, as for the lighter isotopes,
the Schmidt value is about twice as large as the experimental data. Con-
cerning our theoretical results we observe that our values not only reproduce
the tendency of the experimental data but that they are very close to them
providing in some cases quantitative agreement.
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Figure 10.5: Radii of the nuclei 27−28Mg in the PNVAP+PNAMP approach.
The experimental data are from Ref. [14].
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Figure 10.6: Magnetic moments of the ground states of the Magnesium iso-
topes. The experimental results have been taken from the following refer-
ences : 21Mg [20] 21Mg, [21,22], 25Mg [23], 27−31Mg [24] and 33Mg [25].
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10.4 Summary
In conclusion, we have used a novel approach with exact conservation of
angular momentum and particle number to describe odd-even nuclei. We
have applied this theory to the description of ground-state properties of the
Magnesium isotopic chain with the effective Gogny force. The results are in
very good agreement with the experimental bulk properties, energy gaps and
electromagnetic moments.
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Chapter 11
Study of 31Mg on the island of
inversion
In Chapter 10 we proved the effectiveness of the method to the calculation
of ground state properties of odd nuclei. Now we apply our theory to study
the energy spectra and the properties of excited states. As an application
we choose the nucleus 31Mg at the border of the N = 20 inversion island.
We evaluate the ground state properties, the excited states and the transi-
tion probabilities. In general we obtain a good description of the measured
observables. The results have been published in [1].
The procedure is the same as Chapter 10; We choose the desired parity for the
blocked state. Next we solve the PN-VAP variational equations Eqs. (10.1)
for all (β, γ) values of the grid. This step provides a set of wave functions
φ˜pi(β, γ) with the right parity but without rotational invariance. To find out
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(βImin, γ
I
min) we solve Eq. (6.36) for all φ˜
pi(β, γ) of the grid for a given I-value.
The minimum value of ENZ,I,piσ=1 (β, γ) provides the (β
I
min, γ
I
min) values. We
repeat the previous step for all I-values. The energies ENZ,I,piσ=1 (β
I
min, γ
I
min)
allow to draw the spectrum and the wave functions |ΨNZ,IM,piσ (βImin, γImin)〉
enable the calculation of electromagnetic properties or any other observable.
We would like also to mention the limitations of the present approach: In
a symmetry conserving mean field approach one does not consider fluctua-
tions around the most probable values, i.e., we are not considering the large
amplitude fluctuations of the GCM. Furthermore in our description we only
consider one-quasiparticle states. The nucleus 31Mg has been thoroughly
discussed theoretically [2, 3] and experimentally [4].
The PN-VAP potential energy surfaces are discussed in Sect. 11.1, the po-
tential energy surfaces (PES) for different angular momenta are displayed in
Subsect. 11.2. The spectrum of 31Mg is discussed in Sect. 11.3 together with
the electromagnetic properties of this nucleus. Finally, the conclusions and
outlook are presented in Sect. 11.4.
11.1 The PN-VAP potential energy surfaces
As in the Mg isotopic chain, the intrinsic many body wave functions |φ˜pi(β, γ)〉
are expanded in a Cartesian harmonic oscillator basis and the number of
spherical shells included in this basis is Nshells = 8 with an oscillator length
of b = 1.01A1/6. We have compared with calculations with 10 shells and we
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Figure 11.1: Potential energy surfaces (in MeV) of 31Mg in the PNAMP
method for positive (left) and negative (right) parity states.The energy origin
has been chosen independently for each panel and the energy minimum has
been set to zero. The continuous lines represent contours from 1 to 10 MeV
in 1 MeV steps. The white dahed contours around the minima are 0.1 MeV
apart and extend from 0.1 up to 1.9 MeV. The absolute value of the energy
is −243.472 MeV (positive parity) and −243.129 MeV (negative parity)
find a good convergence.
The solution of Eq. (10.1) in the (β, γ) plane for 99 points in a grid of triangles
provides PN-VAP wave functions as a function of the deformation param-
eters. The PN-VAP potential energy surfaces 6.9 are plotted in Fig. 11.1
for the nucleus 31Mg with 12 protons and 19 neutrons for blocked positive
(negative) parity neutron states in the left (right) hand panel.
In the positive parity channel we find two minima on the prolate axis, about
300 keV apart, one at β ≈ 0.08 and the other at β ≈ 0.5. Along the prolate
axis the surface is softer than along the oblate one. For β values smaller
than 0.3 the PES is rather soft in the γ degree of freedom. In the negative
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Figure 11.2: Potential energy surfaces (in MeV) of 31Mg in the PNAMP
method for positive (top panels) and negative (bottom panels) parity
states.The energy origin has been chosen independently for each panel and
the energy minimum has been set to zero. The continuous lines represent con-
tours from 1 to 10 MeV in 1 MeV steps. The white dashed contours around
the minima are 0.1 MeV apart. The absolute values (in MeV) of the energy
minima are (−246.840,−246.553,−245.791,−245.0127) for angular momenta
and parity 1
2
+
, 3
2
+
, 5
2
+
, 7
2
+
and (−244.282,−246.152,−245.557,−245.990) for
1
2
−
, 3
2
−
, 5
2
−
, 7
2
−
respectively.
parity channel we observe one clear minimum at β ≈ 0.34 on the prolate
axis and an incipient secondary minimum at β ≈ 0.6. We also observe a
saddle point at β ≈ 0.25 on the oblate axis. The softening of PES in the γ
degree of freedom now extends to larger values than for the positive parity.
Comparing both parities one observes that the minima of the negative parity
channel are shifted to larger deformations as compared to the positive one.
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11.2 The PNAMP potential energy surfaces
We now solve the Hill-Wheeler-Griffin equations, Eq. (6.36), for different
values of the angular momentum. Each (β, γ) point the Hill-Wheeler-Griffin
equation provides several solutions ENZ,I,piσ (β, γ), numbered by the symbol σ
(see 6.2 or 10.2 ). In particular for a given I there are (2I + 1)/2 linearly
independent solutions. In Fig. 11.2 we display the results of such calculations.
The PES displayed in Fig. 11.2 have been made taking at each point the
lowest solution of Eq. (6.36).
11.2.1 Positive parity states
In the top (bottom) panels the results for positive (negative) parity states
are shown. In the top panels we present the PESs for angular momenta
1
2
+
, 3
2
+
, 5
2
+
, 7
2
+
, these values being used to label the corresponding panels.
With the exception of the PES for I = 3
2
+
which has two coexisting minima,
the other PESs do have only one minimum. This is somewhat in contrast to
the positive parity PES of the PN-VAP approach of Fig. 11.1 which has two.
All four PESs present a clear triaxial minimum at β = 0.61 and γ = 14◦.
This common minimum is well localized and much softer in the β than in
the γ degree of freedom. The secondary minimum for I = 3
2
+
is localized at
β = 0.31 and γ = 14◦ and appears at slightly higher energy. This secondary
minimum in contrast to the primary one is very soft in the γ degree of
freedom. The exact numerical values of the deformations and the excitation
energies are given in Table 11.1.
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To identify the dominant configuration associated to each minimum it is
convenient to consider the single particle levels involved around the Fermi
level. In Fig. 11.3 we display the neutron single particle energies in the
HF approach for 32Mg, which we will use to provide qualitative arguments.
In 31Mg and for positive parity states we must have one particle either in
the Nilsson orbital [2001
2
] or [2023
2
]. Furthermore, one can get more insight
looking at the K-distribution), see Eq. (6.48), of the wave function in the
energy minimum, shown in Table 11.1. As we can see the I = 3
2
state with
β = 0.31, γ = 14◦ corresponds to |K| = 3
2
and the I = 3
2
state with β = 0.61,
γ = 14◦ to |K| = 1
2
. That means in the minimum with smaller deformation
the blocked particle sits in the Nilsson orbital with [2023
2
] whereas in the
minimum with the large deformation the blocked particle sits in the [2001
2
].
Looking at the single particle energies of these levels it is obvious that in
the first case the two additional particles are occupying the [2001
2
] level.
This is the normal occupation that one expects. In the second case, when
the blocked particle is in the [2001
2
], the level [2023
2
] has crossed the Fermi
level, see Fig. 11.3, and the two additional particles sit in the f 7
2
orbit. This
is the intruder occupation that one observes in the inversion island. Since
in our calculations the ground state corresponds to this configuration we
conclude that in our theory the nucleus 31Mg is inside the inversion region.
The large deformation (β = 0.61) as well as the fact that the particle sits in
the d 3
2
orbital, i.e., small Coriolis interaction, is a clear indication that we
are in the strong coupling limit, and that therefore we must have I = 1
2
[5].
Independently of the Nilsson plot of Fig. 11.3 we can check the occupation of
the orbits in the canonical basis of the PN-VAP solution. We find that in the
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Figure 11.3: Single-particle levels of 32Mg for neutrons in the HFB approach.
The thick dashed line represents the Fermi level. The Nilsson quantum num-
bers [N, nz,ml,Ω] are indicated for the relevant orbitals.
shell model language the minimum at small β value corresponds mostly to
(d 3
2
)3(f 7
2
)0, i.e., a 0p1h configuration. The large β value corresponds mostly
to (d 3
2
)1(f 7
2
)2, i.e., a 2p3h configuration.
11.2.2 Negative parity states
We now discuss the negative parity channel, i.e., the lower panels of Fig. 11.2.
We observe minima with two deformations for the different spins, see also
Table 11.1, one at β = 0.45, γ = 19◦ (spins 1
2
−
, 3
2
−
, 7
2
−
) and the other at
β = 0.69, γ = 12◦ (spins 3
2
−
, 5
2
−
). Again as for I = 3
2
+
we find coexistent
shapes. In Table 11.1 we also find that the first one corresponds to |K| = 1
2
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Ipiσ β, γ E
+
σ |K| = 12 |K| = 32 |K| = 52
1/2+1 0.61, 13.9
◦ 0 100 − −
3/2+1 0.61, 13.9
◦ 0.287 99.4 0.6 −
3/2+2 0.31, 13.9
◦ 0.848 10.6 89.4 −
5/2+1 0.61, 13.9
◦ 1.049 97.7 2.3 0.0
7/2+1 0.61, 13.9
◦ 1.827 98.2 1.7 0.1
1/2−1 0.45, 19.1
◦ 2.558 100 − −
3/2−1 0.45, 19.1
◦ 0.688 99.6 0.4 −
3/2−2 0.69, 12.2
◦ 0.745 0.1 99.9 −
5/2−1 0.69, 12.2
◦ 1.283 0.1 99.9 0.0
7/2−1 0.45, 19.1
◦ 0.850 97.7 2.0 0.3
Table 11.1: Properties of the minima of the PESs of Fig. 11.2 in the different
columns. 1: Spin and parity, 2: (β, γ) coordinates of the minima, 3: Excita-
tion energy (in MeV) with respect to the I = 1
2
+
state, 4, 5, 6: The weights
PKσ = |FNZ,IKσ |2, in percentage, see Eq. (6.48), for different |K| values.
and the second one to |K| = 3
2
. For negative parity the blocked particle
must sit in the f 7
2
orbit. If we look at Fig. 11.3 we observe that the relevant
levels in this orbit are the [3301
2
] and the [3213
2
]. The first level appears
at small deformation and will explain the first minimum and the second
level at larger deformation the second minimum. In both cases we have two
additional particles either in the d 3
2
(normal occupation, β = 0.45 minimum)
or in the f 7
2
(intruder occupation, β = 0.69 minimum). In the shell model
language the minimum at small β value corresponds mostly to (d 3
2
)2(f 7
2
)1, i.e.,
a 1p2h configuration. The large β value corresponds mostly to (d 3
2
)0(f 7
2
)3,
i.e., a 3p4h configuration.
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11.3 Spectrum and other observables
The solution of the Hill-Wheeler-Griffin equation, as a function of (β, γ) pro-
vided the PESs displayed in Fig. 11.2 for the different values of the angular
momentum. Though in each (β, γ) point there are (2I + 1)/2 linearly in-
dependent solutions, the energies displayed in the PESs correspond to the
the lowest solution at each point. The minima of these surfaces provide the
energies of the states corresponding to the spin and parity of the given PES.
Since, within a PES, the wave functions of the different (β, γ) points, in
general, are not orthogonal to each other, only one point provides a physical
state. In Fig. 11.4 we present the excitation energies predicted by the minima
of these surfaces. The excited states obtained by considering the solutions
σ = 2 or higher at each point (β, γ) are not considered in this work. The
only exception are the states 3/2+2 and 3/2
−
2 represented by dashed lines in
Fig. 11.4 corresponding to the secondary minimum, at (β = 0.31, γ = 14.◦)
and (β = 0.69, γ = 12.◦) of Fig. 11.2, respectively. We have exceptionally
included them for two reasons: First because these are the levels that should
be lowest in the case that inversion has not taken place and second because
they are practically orthogonal to the other I = 3/21 states present in the
corresponding PES.
In Fig. 11.4 we have also plotted the experimental spectrum [4,6]. Concerning
the positive parity part of the spectrum the ordering of the levels is correctly
reproduced by our calculations but rather stretched. As mentioned in the
Introduction the approach we are presenting here is the symmetry conserv-
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Ipiσ Qspec µ I
pi
σ Qspec µ
1/2+1 0 −0.935 1/2−1 0 1.339
3/2+1 −15.5 0.690 3/2−1 −12.16 −1.594
3/2+2 8.40 1.132 3/2
−
2 16.63 −0.695
5/2+1 −20.00 −0.085 5/2−1 −6.17 −0.125
7/2+1 −26.34 1.557 7/2−1 −21.50 −0.910
Table 11.2: Electromagnetic moments of the positive and the negative parity
bands. Qspec is given in units of efm
2and µ is in units of µN .
ing mean field approach and it is well known from even-even nuclei [7–10]
that residual correlations will compress the spectrum. With respect to the
negative parity part of the spectrum, experimentally there are two levels
clearly identified, the 7/2−1 and the 3/2
−
1 . In the theory they appear again in
the right order but too high in energy. One expects again that the residual
interactions will compress the spectrum.
Concerning the electromagnetic moments they are quoted in Table 11.2 for
the positive and negative bands. Our result for the magnetic moment of the
ground state is relatively close to the measured value −0.88355(15)µN [11].
In the calculations we have used the free gyromagnetic values. The electric
quadrupole moments correspond to a well deformed nucleus, unfortunately
there are no experimental values for this observable. In Table 11.3 we have
listed experimental values for dipole and quadrupole electromagnetic tran-
sitions and a selection of the theoretical predictions. With the exception of
the M1 transition from the 3
2
+
1
level to the 1
2
+
1
we obtain in general a very
reasonable agreement with the experimental values.
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Ipiσ Experiment Theory
B(E2; 5/2+1 −→ 1/2+1 ) 61(7) [12] 117
B(M1; 5/2+1 −→ 3/2+1 ) 0.1-0.5 [12] 0.590
B(M1; 3/2+1 −→ 1/2+1 ) 0.019(0.004) [13] 0.093
B(E2; 7/2−1 −→ 3/2−1 ) 68(5) [14] 88
B(E2; 3/2+1 −→ 1/2+1 ) − 109
B(E2; 5/2+1 −→ 3/2+1 ) − 38
B(E2; 7/2+1 −→ 5/2+1 ) − 13
B(E2; 7/2+1 −→ 3/2+1 ) − 146
B(M1; 7/2+1 −→ 5/2+1 ) − 0.107
Table 11.3: Transition probabilities in 31Mg, B(M1) in units of µ2N and
B(E2) in e2fm4
11.4 Conclusions
We have applied our method to the description of the nucleus 31Mg at the
border of the inversion island. We find the two coexisting minima correspond-
ing to the normal occupation and the intruder one typical for the inversion
island.
In spite of the simplicity of the approximation we obtain a qualitative agree-
ment of the theoretical and the experimental spectrum. As expected due to
the lack of correlations we obtain a stretched spectrum. The experimental
values of the measured electromagnetic transitions as well as the magnetic
moment are also well described.
The results obtained for the nucleus 31Mg with the Gogny force encourage
us to improve the present approach by doing a configuration mixing of the
different deformations, which is done in the next chapter for the 25Mg nu-
cleus.
11.4. Conclusions 163
0
0.5
1
1.5
2
E 
(M
eV
)
1/21+
3/21+
3/22+
5/21+
7/21+
1/21+
3/21+
3/22+
5/21+
7/21+
3/21-
7/21-
1/2- to 7/2-
1/21-
3/21-
7/21-
3/22-
5/21-
Experiment Theory
Figure 11.4: Spectrum of the nucleus 31Mg in the symmetry conserving mean
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Chapter 12
Configuration mixing in the
25Mg nucleus
We present our first symmetry conserving configuration mixing approach
applied to an odd nucleus,i.e. we perform the three steps studied in chapter
6. The β, γ deformation parameters are the generator coordinates. The
nucleus 25Mg is chosen to test the reliability of the method in odd-A nuclei.
Moreover, the huge amount of experimental data makes this nucleus an ideal
benchmark to show the potential of the approach.
12.1 Particle Number restoration
As always we start creating a grid of self-consistently blocked wave functions.
The constraints are the quadrupole deformations q20, q22 which are related to
166
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β, γ deformation parameters by equation 3.26.
The HFB w.f. is expanded in the Cartesian Harmonic oscillator wit N = 8
major spherical shells with an oscillator length b = 1.01A1/6.
12.1.1 VAP PES
We solve equation 3.25 in the sextant 0◦ ≤ γ ≤ 60◦ in the range β ≤ 1.1
(β ≤ 1.5) with 190(216) points for positive(negative) parity.
In Fig 12.1 we display the PN-VAP energy surfaces (eq. 6.9) for both parities.
The origin is set independently in each figure, being the energy origin equal
at the corresponding energy minimum.
The negative parity one is 4.237 MeV higher. This is consistent with the
shell model point of view, as we are in the middle of the d5/2 shell and is
more economic to fill this positive parity shell with a particle than creating a
hole in the p1/2 shell or putting a particle in f7/2 . Both minima sit in γ = 0
◦.
The positive parity minimum is less deformed β = 0.4231 than the negative
parity one (β = 0.6769) . This big deformation in the negative parity channel
is due to the down-sloping character of the Nilsson [330 1/2] , which crosses
the sd shells at high deformations. We note also that the positive parity
channel is softer in the γ direction because the three sub-shells of the d5/2
are down-slopping in the oblate side. Contour lines also open in the negative
parity channel for β ∼ 0.5. As we will see, this is due to the possibility of
making a hole in the p1/2 sub-shell on the oblate side.
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Figure 12.1: PN-VAP potential energy surfaces for positive and negative
parity. Black contours are plotted in steps of 1 MeV and white dashed lines
in steps of 0.2 MeV
We can also use the canonical basis {a˜ρ, a˜†ρ} determined by transformation
D (eq 3.7) to study some properties of the resulting blocked levels. In this
basis the w.f. is written;
|φ˜〉pi = a˜†bpi
∏
k 6=b
(uk + vka˜
†
ka˜
†
k¯
)|−〉 (12.1)
where bpi is the blocked level with parity pi. We can study useful properties
of the resulting level by calculating different matrix elements; for the third
component of the total angular momentum; Jz (which mixes states with
different signature):
Ωblocked = 〈−|a˜bpi Jˆza˜†b¯pi |−〉 (12.2)
the third component of the total orbital momentum LZ :
Λblocked = 〈−|a˜bpi Lˆza˜†b¯pi |−〉 (12.3)
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Also we can calculate the mean J value;
〈J blocked〉 =
√
〈−|a˜bpi Jˆ2a˜†bpi |−〉 (12.4)
We can compare these values with the relevant Nilsson orbitals ν = |Nn3ΛΩ〉
(where N (n3) are the total(third component) oscillator quanta). Although
this analysis is valid in the axial symmetry regions only, mean values on the
rest of the γ region can give us valuable information about how triaxiality
affects the evolution of the different orbitals and band crossings.
For positive parity there are three relevant Nilsson orbitals namely [202 5/2],
[211 1/2] and [200 1/2] . The first one is expected to predominate at smaller
deformations. Its Ω(Λ) projections are 2.5 and 2 respectively and its total
angular momentum is 2.5. These values are obtained for deformations 0.1 ≤
β ≤ 0.5 . For higher deformations the level [211 1/2] crosses the [202 5/2],
and the blocked level corresponds now to this orbit. The Ω value is now pure
1/2. The orbital angular momentum is ∼ 1 as expected.
In the negative parity channel we also see two different blocking possibilities.
For small deformations it is economically favored to have a hole in the p1/2
sub-shell. This leads to a rather small value of the total angular momentum
value and a nearly Λ ∼ 1 . However, for large deformations a particle in the
[330 1/2] orbit is energetically favored due to the down-sloping character of
this orbital. As a consequence the orbital angular momentum drops to zero,
while the total angular momentum becomes larger. This last assumption is
also supported with fig 12.2 where we plot the average number of neutrons
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Figure 12.2: Average value of the number of neutrons of positive (left) and
negative parity (right) when blocking on the negative parity channel
with positive (negative) parity; i.e. 〈φ˜|Nˆ+|φ˜〉 (〈φ˜|Nˆ−|φ˜〉) . For β near 0 and
for big γ (this means near oblate) we have 8 neutrons with positive parity
and only 5 with negative parity (4 in the p3/2 sub-shell and only one in the
p1/2 sub-shell). However, for large deformations and γ far from the oblate
part the p3/2 and p1/2 shells are full, and the single neutron sits in the f7/2,
giving a total number of 7 neutrons in the negative parity channel.
12.1.2 Pairing energy
On Fig 12.3 we show the pairing energies for a PN-projection before variation
(PNVAP) approach, which is the one used here, and for a PN-projection
after projection. The energies in the latter are drastically lowered, dropping
to zero in many β, γ points. The behaviour of the pairing correlations has
been studied with the Gogny force [1]. In case of no pairing correlations (for
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Figure 12.3: Pairing energies on the positive parity channel for two different
calculations. On the left the PN-VAP approach and below the ones of a
PN-PAV approach. Contours are plotted in steps of 1 MeV.
example in a shell closure) or weak pairing regimen, the HFB w.f. collapses
to the HF one, and the subsequent projection does not provide a better
approximation. Therefore a VAP calculation in case of particle number is
very important.
12.2 Angular Momentum PES
With the β, γ constraints the general wave function 6.67 is given by;
|ΨNZ;I,M ;σ 〉 =
∑
β,γ,K
f IKσ(β, γ)|ΦNZ;IMK(β, γ)〉 (12.5)
In 6.78 we defined the probability density of finding a given I,K and con-
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straints β, γ, which is the collective wave function;
F Ipiσ (β, γ) =
∑
µK
gIIpiµσ u
NZ,IIpi
µ (β, γ,K) (12.6)
The GCM states -Eq. 12.5- recover the broken symmetries in the HFB ap-
proach and mixes different configurations (β, γ). Again, we can stop in the
”step two” studied in chapter 6, giving a simplified Ansatz just fixing a given
(β, γ) value and mixing only in K as to recover the symmetries to calcu-
late the PN-AM projected energy in each point of the (β, γ) plane and plot
potential energy surfaces (PESs).
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Figure 12.4: Potential energy surfaces of the AMP calculation for low lying
I-staets of positive parity. Black contours are plotted in steps on 1 MeV .
Dashed white lines are in steps of 0.2 MeV. In each parity the energy origin
has been chosen independently and the energy minimum has been set to zero.
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Figure 12.5: Potential energy surfaces of the AMP calculation for low lying
I-states of negative parity. Black contours are plotted in steps on 1 MeV.
Dashed white lines are in steps of 0.2 MeV. In each parity the energy origin
has been chosen independently and the energy minimum has been set to zero.
Figures 12.4 and 12.5 show the Projected Energy Surfaces (PES) for the four
low I - states of both parities. The absolute minimum corresponds to I =
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5/2+ , followed by I = 1/2+, 3/2+, 7/2+ with energies 0.637MeV,1.023MeV
and 1.522MeV respectively. For the negative parity ones the lowest is I =
3/2− which is at 3.567MeV , followed by I = 7/2−, 1/2−, 11/2− at 4.228MeV,
4.605MeV, 6.131MeV .
In the positive parity channel we find two clear different behaviours. For I ≥
5/2 , the minimum is displaced to triaxial shapes and smaller deformations,
while for I < 5/2 the nucleus is more deformed. This is understood from the
Nilsson model. For smaller deformations it is energetically favored to fill the
d5/2 shell (which is pure j = 5/2), but as this orbital is up-sloping, as soon
as it crosses the s1/2 , the latter configuration becomes favoured.
In the negative parity the minimum is also displaced to γ 6= 0 . Contrary to
the positive parity channel, the minimum is obtained at the same point for
all I . The higher deformation of this channel can also be understood with
the Nilsson diagram; i.e. due to the band-cross of the [330 1/2] state at big
β. We note that only 1/2−, 3/2− contour lines open on the oblate side. As
we saw in Section 12.1, this corresponds to a hole in the p1/2 sub-shell. This
sub-shell is a combination of values j = 1/2, 3/2 , so making a state with
I > 3/2 is energetically expensive.
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Figure 12.6: Spectrum of 25Mg for positive and negative parity. Experimen-
tal data is taken from [2]
12.3 SCCM approach
12.3.1 Configuration mixing
Now we proceed to perform the last step of chapter 6, which consist on
mixing the wave functions for different deformations. The solution of Eq. 6.68
provides the energy levels and the w.f.s. The transition probabilities [3, 4]
and the shapes of the w.f.s allow to order the energy levels into bands as
shown in Fig. 12.6.
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From the PESs we can estimate which deformations will play a more im-
portant role in the description of the low lying states. As the configuration
mixing implies the calculation of N(N + 1)/2 overlaps (being N the number
of w.f. used) it is important to reduce the dimension as much as possible.
States with big y = β sin γ have high energies so they are expected to mix
quite little. Therefore we have chosen a grid of 81 w.f. in the positive channel
with y ≤ 0.45 for the whole β range 0 ≤ β ≤ 1.1 .
In the negative parity channel, projecting to shapes close to sphericity is very
expensive, so apart from the condition y ≤ 0.45 we use a grid 0.4 ≤ β ≤ 1.4,
which gives a total of 95 w.f.
The final spectrum obtained for the first two bands of positive parity and the
first of negative parity is shown, together with experimental data, in Figure
12.6 . A more complete spectrum is shown in fig 12.7 .
We have grouped these energy levels into bands with the help of the K-
distribution, w.f. shapes and electromagnetic properties. Additionally we
show in table 12.2 the average value of the deformation parameters (β, γ):
β¯Ipiσ =
∑
β,γ β · P IpiKσ(β, γ)∑
β,γ PIpiσ(β, γ)
(12.7)
γ¯Ipiσ =
∑
β,γ γ · P IpiKσ(β, γ)∑
β,γ P
Ipi
Kσ(β, γ)
(12.8)
where the probability P IpiKσ(β, γ) was defined in 6.48.
P IpiKσ(~q) = |F IpiKσ(~q)|2 (12.9)
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Ipiσ ↓, K → 1/2 3/2 5/2 7/2 9/2 11/2
5/2+1 1.6 1.4 97.0 - - -
7/2+1 0.6 0.2 98.8 0.4 - -
9/2+1 1.0 0.5 96.7 0.3 1.5 -
11/2+1 3.6 0.3 94.8 0.4 0.6 0.3
1/2+1 100 - - - - -
3/2+1 99.6 0.4 - - - -
5/2+2 99.4 0.1 0.4 - - -
7/2+2 98.8 0.1 0.9 0.2 - -
9/2+2 96.5 0.6 2.0 0.2 0.8 -
11/2+2 95.5 0.3 3.2 0.1 0.6 0.3
1/2+2 100 - - - - -
3/2+3 96.5 3.5 - - - -
5/2+3 91.3 6.1 2.6 - - -
7/2+3 94.6 1.9 2.9 0.6 - -
9/2+4 80.2 8.6 9.8 0.7 0.7 -
11/2+4 87.6 3.2 8.0 0.3 0.5 0.3
9/2+3 0.8 0.3 1.0 0.2 97.6 -
11/2+3 0.7 0.1 1.5 0.1 97.6 0.1
3/2+3 2.2 97.8 - - - -
5/2+4 2.9 93.1 4.0 - - -
1/2−1 100 - - - - -
3/2−1 98.9 1.1 - - - -
5/2−1 93.2 6.5 0.2 - - -
7/2−1 96.5 3.5 0.0 0.0 - -
11/2−1 94.6 5.3 0.1 0.0 0.0 0.0
Table 12.1: K-distribution of the different states
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Ipiσ β¯
Ipiσ γ¯Ipiσ
5/2+1 0.505 21.16
7/2+1 0.523 18.96
9/2+1 0.515 18.94
11/2+1 0.542 18.73
1/2+1 0.669 12.87
3/2+1 0.687 12.42
5/2+2 0.674 11.92
7/2+2 0.708 9.39
9/2+2 0.666 11.75
11/2+2 0.728 8.28
1/2+2 0.639 23.66
3/2+3 0.638 22.72
5/2+3 0.665 20.39
7/2+3 0.630 23.27
9/2+4 0.659 19.26
11/2+4 0.630 20.83
9/2+3 0.592 26.72
11/2+3 0.604 24.88
3/2+3 0.699 22.65
5/2+4 0.684 23.01
1/2−1 0.779 8.45
3/2−1 0.767 9.04
5/2−1 0.779 9.37
7/2−1 0.755 9.81
11/2−1 0.744 10.51
Table 12.2: β¯Ipiσ and γ¯Ipiσ of the different states
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Figure 12.7: Complete spectrum
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Figure 12.8: Collective w.f.s in the (β, γ) plane for the ground band.
The interpretation is also done with the help of table IV of Ref [5].
For positive parity we find 5 bands.
The ground band corresponds to a particle in the [202 5/2] Nilsson orbit.
The interplay between of particles and the collective rotation is described by
the Particle-plus-Rotor Model (PR) [6]. We can divide a phenomenological
Hamiltonian in a collective part which describes the rotation of the inert
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Figure 12.9: Collective w.f.s in the (β, γ) plane for the first K = 1/2 band.
core, and an intrinsic part, which describes the single-particle energies in
the deformed potential. Due to the big deformation we expect to be in the
strong coupling limit (where the angular momentum of the valence particle
is strongly coupled to the motion of the core). In this limit K = Ω is a good
quantum number which is clearly supported by results shown in table 12.1.
We believe this purity, which has also been observed for even-even nuclei, is
due to the low level density of this light nuclei. Therefore, in spite of the
large triaxiality, mixing of states with different K requires a lot of energy.
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Figure 12.10: Collective w.f.s in the (β, γ) plane for the K = 1/2γ−band..
The energy in the strong coupling limit is given by [7]:
EIK = 
i
k + A(I(I + 1)−K2) K 6= 1/2
EIK = 
i
k + A(I(I + 1)−
1
4
+
+ ai(I + 1/2)(−1)I+1/2) K = 1/2 (12.10)
where ik are the quasi-particle energies,A =
1
2I with I the moment of inertia
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Figure 12.11: Collective w.f.s in the (β, γ) plane for the K = 9/2 band.
and ai is the so-called decoupling factor:
ai = i〈ΦiK=1/2|j+e−ipijx|ΦiK=1/2〉
= |Cinj|2(−1)j+
1
2 (j +
1
2
) (12.11)
The Cinj are the coefficients of the decomposition of Φ
i
K=1/2 into eigenstates
of the total angular momentum Jˆ2; i.e. |ΦiK=1/2〉 =
∑
nj C
i
nj|njΩ = K〉 . A
fitting to this formula is shown in Fig 12.13 for theoretical and experimental
results. The value of theoretical and experimental moment of inertia are
very close (2.26 ± 0.03 and 2.45 ± 0.06 respectively). The first is a little
smaller than the latter, giving a more stretched spectrum. This is also seen
in even-even nuclei. However, this can be improved with the inclusion of the
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Figure 12.12: Collective w.f.s in the (β, γ) plane for the K = 3/2 band.
cranking term [4]. The w.f. shape 12.8 shows a ”prolate” form with β¯ ∼ 0.51
.
The first excited band is interpreted as a particle in the [211 1/2] and, as
we expected from Nilsson diagram and AMP-PESs, it is more deformed that
the ground state band (β¯ ∼ 0.67 ). Again is a pure K band, in this case
K = 1/2 . Using formula 12.10 and fitting the different parameters we obtain
fig. 12.14. The inertial parameter is bigger than the one in the ground
state band due to its bigger deformation. For the same reason mentioned
above, the theoretical value is again a little smaller than the experimental
one (2.75± 0.04 vs experimental 3.09± 0.06). The decoupling factor is quite
small in the experimental being absent in the theoretical calculation. Note
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Figure 12.13: Fitting the ground band energy to equation 12.10 for theoret-
ical and experimental results
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Figure 12.14: Fitting the first K=1/2 band energy to equation 12.10 for
theoretical and experimental results
that, as seen in 12.11, the decoupling parameter is intimately related to the
state of the odd nucleon in the spheroidal nucleus. A small change in its
components modify the ai value substantially.
The agreement of our data with experiment is very good, although the ab-
sence of the decoupling factor in our approach makes levels 1/2+, 5/2+ quite
deep and levels 3/2+, 7/2+ too high in energy in comparison with experimen-
tal data.
The next positive band is also predominately K = 1/2 but it is more mixed
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Figure 12.15: Fitting the negative parity band to equation 12.10 for theoret-
ical and experimental results
than the previous ones, especially for states I ≥ 7/2 . We interpret this band
as a (K−2)γ on the [202 5/2] state. This is supported by the electromagnetic
properties (see section 12.4) The band-head is found at a higher energy than
the experimental one. In [5] this state is interpreted as a mixture of two
configurations; the (K − 2)γ on the [202 5/2] state and a possible particle
in the [200 1/2] orbit. In our PN-VAP approach we only take the quasi-
particle state that minimizes the energy for each deformation. Thus, the
absence of other configurations (such as this [200 1/2] state) results on a
increased energy of this band. *Note that this does not happen in the first
excited band, as its configuration is found at a ”totally” different β, γ point
than the fundamental one, and therefore both configurations are equally well
described at PN-VAP level.
The fourth and fifth bands are pure K = 9/2 and K = 3/2 . Because of their
shapes and β¯ deformations they can be interpreted as γ−bands on the states
mentioned above. The less deformed one, i.e., the K = 9/2 , is interpreted
as a (K + 2)γ on the [202 5/2] state, also supported by the electromagnetic
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properties, while the K = 3/2 as a (K − 2)γ on the [211 1/2] Nilsson state.
For the same reason mentioned above, these bands are found at a higher
energy than expected.
Finally we notice a 13/2+ state only present in the experimental data. This is
an aligned state in the ”x” direction [8]. As we have not considered cranking
here (and the corresponding treatment of the other two sextants) that state
does not appear in the theoretical calculations. However, we tested this with
a PNAMP-calculation (without β, γ mixing): i.e only K-mixing, including
this cranking term and all three sextant and we found this state.
In the negative parity channel the ground band corresponds to filling the
state [330 1/2] with a particle. As a consequence of the high value of the
decoupling parameter the band is very distorted, being the state with I = 3/2
the lowest one. The strength of the decoupling parameter increases when
levels with large single-particle angular momenta are involved, as in this
case J = 7/2. Our value (-3.3) is similar to the experimental-fitted one (-
3.5) as seen in figure 12.15. As in the positive parity channel, the fitting
gives a higher moment of inertia for this band. Experimentally is 5.5 ± 0.6
and the theoretical result 4.1 ± 0.2, leading to a stretched spectrum. The
first three states are very well described but the 5/2− is already too high in
energy. The state 7/2− was identified either with a 11/2− or a 7/2− for a
long time. Nilsson model predicts a 11/2− state. However, due to a measured
M1 transition to the first 7/2− , the 11/2− was discarded. It is possible that
we missed this state (as we missed the 13/2+ ) because of the absence of
cranking and the two other sextants. However we also performed a PNAMP-
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calculation in this negative parity channel (without configuration mixing)
including cranking and three sextants and we do not find this state, so we
discard this state as an aligned sate. Other explanations would be that this
is a state described by a higher number of quasi-particle states , or maybe
an incorrect M1 assignment for the transition to the fist 7/2−.
12.4 Magnetic properties
12.4.1 Electromagnetic transitions
Finally, in figure 12.16 the B(E2) and B(M1) values are shown. In general the
experiment is well described, being the B(E2) values slightly overestimated.
This is also seen in even-even nuclei and is due to the fact that we get too
large deformation. We showed in this work that the addition of the cranking
term reduces these values [9]. For transitions between states of the same K
value we obtain:
B(E2, Ii → If ) = Q20
5
16pi
|CIi2IfK0K |2 (12.12)
In Fig 12.17 we represent with filled circles the BE2 transition normalized to
the transition 7/2→ 5/2 for the ground state band and the first K=1/2 band.
With empty boxes we represent the values according to eq 12.12. It is again
clear that the particle plus rotor model provides a very good description for
this two bands. Using this formula for the ground state band we can extract
a value for the intrinsic quadrupole moment. We obtain values between
59e2fm2 and 67e2fm2. Using the experimental data available we obtain
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Figure 12.16: Experimental and theoretical values of transions inter and intra
the two lowest bands
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Figure 12.17: BE2 transition normalized to the transition 7/2 → 5/2 for
the ground state band and the first K=1/2 band. With empty boxes we
represent the values according to eq 12.12.
values between 40e2fm2 and 55e2fm2, but as the error in the measured
values is too large, again smaller as in previous results.
For the first K = 1/2 band we obtain bigger values (more deformation), also
in agreement with previous sections (around 68− 73e2fm2).
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12.4.2 Quadrupole moment
The quadrupole moment is calculated as:
Q(Iσ) =
√
16pi
5
I I I
I 0 −I
 〈ΨN,I,piM,σ ||Mˆ elec2 ||ΨN,I,piM,σ 〉
where Mˆ elec2µ = erY2µ(Θφ) are the electrical quadrupole moment operators.
For a pure |K|-band it takes the form:
Q(I,K) = Q0
3K2 − I(I + 1)
(I + 1)(2I + 3)
(12.13)
with Q0 the intrinsic moment macroscopic state. In Fig 12.18 we represent
with filled circles the spectroscopic quadrupole moment normalized to a ref-
erence value. Each colour corresponds to one of the five different bands.
The reference value is Iref = 5/2, for the K = 5/2 band, Iref = 3/2 for
K = 1/2 and K = 3/2 bands and Iref = 9/2 for K = 9/2 band. The
empty boxes represent the values expected according to eq 12.13. On the
top panel the values obtained in our calculation and on the bottom panel
the shell model results with the USD interaction. In our pnvap-pnamp ap-
proach the ground band clearly follows the trend of the model. The first
excited band also follows it, however the values of I = 5/2, 9/2 are a lit-
tle lower than expected. This effect is seen clearer in the second K = 1/2
band. We notice also that the most deviated value is I = 9/2 , which can
be a consequence of more mixing between bands for this I-value. The last
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two bands also reflect the Q(I,K) behavior. In the shell model calculation
a lot of mixing takes place for I ≥ 9/2 . Notice the oscillating pattern of
K = 1/2 also takes place in the shell model calculation. The relation of
the quadrupole moment of a band and a gamma vibration on that band can
be also extracted from expression 12.13. For a K = 1/2 gamma band on
a K = 5/2 band we should obtain Q(I,K=5/2)
Q(I,K=1/2)
= −75−2I(2I+2)
3−2I(2I+2) , which gives
−1.25,−0.2, 0.25, 0.49 for I = 5/2, 7/2, 9/2, 11/2 respectively. In our calcu-
lation we obtain −1.31,−0.16, 0.37, 0.44 which confirms our interpretation of
this band as a gamma band. For a K = 9/2 band on a K = 5/2 band the re-
lation is Q(I,K=5/2)
Q(I,K=9/2)
= − 75−2I(2I+2)
243−2I(2I+2) , giving −0.17,−0.68 for I = 9/2, 11/2 re-
spectively. In our calculation the values are −0.19,−0.74, confirming also the
interpretation of the fourth band as a gamma vibration on the ground band.
Finally, for the fifth band, interpreted as a gamma-vibration on the first
K=1/2 band, we shoul have the following relation: Q(I,K=1/2)
Q(I,K=3/2)
= − 3−2I(2I+2)
27−2I(2I+2)
, giving −1.00, 4.00 for I = 3/2, 5/2 respectively. In our calculation the
values are −1.00, 3.82, confirming again the interpretation given.
12.5 Summary
We have presented the first application of a GCM calculation with angu-
lar momentum projected triaxial PN-VAP blocked states. The light nucleus
25Mg was used to illustrate the method. We showed the reliability of the
method comparing our results with other models as well as with the experi-
mental data available.
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Figure 12.18: With filled circles the spectroscopic quadrupole moment nor-
malized to a reference value. Each color corresponds to one of the five differ-
ent bands. The reference value is Iref = 5/2, for K = 5/2 band, Iref = 3/2
for K = 1/2 and K = 3/2 bands and Iref = 9/2 for K = 9/2 band. On
the top panel the values in our calculation and on the bottom panel and in
the shell model approach. Each color represent a different band. The empty
boxes correspond to the values expected according to eq 12.13
We have shown the importance of the particle number projection before the
minimization procedure in the pairing energy calculation, as well as in the
blocked state determination.
The recovery of rotational invariance allows to describe the spectra of this
nucleus satisfactorily. The inclusion of the cranking procedure may result in
the compression of the slightly stretched spectra and in a reduction of the
B(E2) transitions. Also,mixing other one quasi-particle states (or different
number of quasi-particles) may lower the energy of the excited bands.
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Chapter 13
Conclusions
13.1 Summary of Thesis Achievements
Mean field approaches are a good starting point used to describe the nuclei
structure. However, they are restricted to the description of global properties.
The development of beyond mean field techniques allows to study properties
such as nuclear spectroscopy and electromagnetic transitions. This work
extends these theories in two directions. The first one is the inclusion of
time reversal symmetry breaking states by means of the cranking procedure.
The second is the extension of these approaches to the description of odd-A
nuclei.
1. The addition of new degrees of freedom introduces different types of
correlations which results not only in a good qualitative description,
but also in a quantitative agreement with experimental data. In this
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work we include time reversal symmetry breaking states adding a new
generator coordinate; the cranking frequency, and preserving the nu-
clear deformations β, γ coordinates as well. The previous restriction
of using only time reversal symmetry conserving states tended to favor
those intrinsic states with no angular momentum content, leading to a
stretched spectrum. The effect of including states with this new broken
symmetry was first tested in the even-A nuclei of the Mg isotopic chain,
where a noticeable compression of the spectrum was obtained, leading
to an excellent agreement with experimental data.
The inclusion of cranking open also the possibility to describe new
states which correspond to aligned configurations. In particular the
recently measured 4+ isomer of the 44S nucleus was correctly predicted
by our theory.
This new degree of freedom increases the CPU time substantially. We
also propose in this work an approximation which reduces the computa-
tional effort. It consists on the reduction the number of wave functions
used in the generator coordinate method by including only β defor-
mation and cranking frequency as generator coordinates and using the
self-consistent γ deformation. With this approximation not only the
excitation energy of the 2+ states were put close to the experimental
ones but also the electromagnetic probabilities B(E2) from the 0+ to
the 2+ states were reduced, in agreement with experimental data.
2. The second development of this work consists on the application of
this mechanism to odd-A nuclei. Up to now these developments had
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taken place in even nuclei and it seemed natural to extend this to odd-
even ones. We applied a self-consistent theory with exact blocking
and particle number and angular momentum projection to study the
ground properties of the odd an even isotopes of Mg. We obtain an
outstanding description of binding energies, odd-even mass differences,
mass radii and electromagnetic moments.
Not only ground state properties are well described in our approach.
We performed a detailed study of the 31Mg nucleus at the border of
the N=20 inversion island where ground state properties and excited
states, as well as transition probabilities were studied obtaining a good
agreement with the current experimental data.
Finally, the most general configuration mixing approach was carried
out in the 25Mg nucleus where the β, γ deformations were used as
generator coordinates. We obtained a quantitative agreement with the
experimental data in the first bands of positive and negative parity
as well as a qualitative agreement in the rest of the bands. These
bands are identified by means of the collective wave functions and the
transition rates, which are also in good agreement with the current
measured values.
13.2 Future applications
The techniques developed in this work can be used to study other kind of
systems such as;
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1. Even-A systems with odd-N and odd-Z number. In these systems a
rich study can be done due to the different possibilities in the blocking
channels; i.e. we can obtain positive parity states by blocking both a
proton and a neutron in the positive parity channel or in the negative
parity one. Negative parity bands are obtained by blocking protons
and neutrons in different parity channels.
2. The use of cranking in odd systems would remove the degeneration in
the simplex channel, opening the possibility to find new states.
3. Use the cranking procedure to obtain a ore accurate spectrum an also
find aligned states, as we did in the 44S nucleus.
13.3 Future Work
Although the complexity of our approximations and the improvements done
so far, future work in this field can be done. The first improvements are
related to the increasing of the variational space in order to include more
correlations:
1. Inclusion of different quasi-particle states for a given value of the gen-
erator coordinates to describe excited bands in odd-A nuclei.
2. Inclusion of a many quasi-particle states.
3. The rupture of spatial parity symmetry and the subsequent restoration
would allow to describe octupole deformations.
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The increasing of the variational space increments the computational effort
substantially, so some improvements or approaches must be carried out.
1. Eliminate the linear dependent wave functions of the GCM before the
calculation of the energy overlaps. This means calculating only the
norm overlaps, then eliminate the wave functions which are linear de-
pendent and use only the ones left in the final calculation.
2. Try to use as less points as we can for each of the generator coordi-
nates. For example, if we are only interested in the ground band and
its properties, the angular momentum potential energy surfaces (PES)
provide a good reference, as we know that states with smaller energies
are the ones which will be more important in the mixing.
Another improvement is related to the interaction used. The development
of beyond mean field methods call for a new fit of the interaction (or even
the inclusion or modification of some of the terms). Although some room
was left for the extra binding appearing with the implementation of these
methods, this seems not enough, as we clearly saw in the study of the Mg
isotopic chain.
Chapter 14
Conclusiones
14.1 Resumen de los resultados obtenidos
Los me´todos de campo medio son un buen punto de partida para describir
la estructura nuclear. Sin embargo esta´n restringidos a la descripcio´n de
propiedades globales de los nu´cleos. El desarrollo de las te´cnicas ma´s alla´ del
campo medio nos permite estudiar lo espectros nucleares as´ı como las tran-
siciones electromagne´ticas y otras propiedades. Este trabajo ha desarrollado
estas te´cnicas en dos direcciones. La primera es la incorporacio´n de estados
que rompen la invarianza bajo inversio´n temporal mediante el procedimiento
de cranking. La segunda es la extensio´n de estos me´todos a nu´cleos con un
nu´mero impar de part´ıculas.
1. La adicio´n de nuevos grados de libertad introduce diferentes tipos de
correlaciones que resultan no so´lo en una buena descripcio´n cualitatiova
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del nu´cleo, si no tambie´n en un buen acuerdo con los datos experimen-
tales. En este trabajo incluimos estados que rompen la invarianza bajo
inversio´n temporal mediante la incorporacio´n de una nueva coordenada
generadora; la frecuencia de cranking, manteniendo tambie´n como co-
ordenadas las deformaciones nucleares β, γ. La restriccio´n previa de
usar so´lo estados que mantienen la invarianza bajo inversio´n temporal
favorec´ıa aquellos estados intr´ınsecos sin contenido de momento angu-
lar dando lugar a un espectro alargado. El efecto de incorporar estos
estados con la nueva simetr´ıa rota fue estudiado primero en los nu´cleos
pares de la cadena isoto´pica de magnesio, donde se obtuvo una com-
presio´n notable del espectro, dando lugar a un excelente acuerdo con
los datos experimentales. La incorporacio´n del cranking abrio´ tambie´n
la posibilidad a describir estados que corresponden a configuraciones
alineadas. En particular el predijimos correctamente el recie´n medido
estado 4+ del nu´cleo exo´tico 44S.
Este nuevo grado de libertad tambie´n aumenta de forma considerable
el tiempo de CPU necesario. En este trabajo tambie´n hemos propuesto
una aproximacio´n que permite disminuir dicho tiempo de ca´lculo. Con-
siste en reducir el nu´mer de funciones de onda usadas en el generador
de coordinadas, incluyendo so´lo la deformacio´n β y la frecuencia de
cranking como coordenadas generadoras y usando la deformacio´n γ
obtenida autoconsistentemente. Con esta aproximacio´n no so´lo la en-
erg´ıa de excitacio´n de los estados 2+ se fuerno mejoradas, si no que las
probabilidades de transicio´n electromagne´ticas entre los estados 0+ y
2+ fueron reducidas, de acuerdo con los datos medidos en la actualidad.
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2. La segunda aportacio´n de este trabajo consistio´ en la aplicacio´n de
este mecanismo a nu´cleos impares. Hasta ahora estos me´todos tan so´lo
hab´ıan sido llevado a cabo en nu´cleos pares y parece natural exten-
derlo al resto de nu´cleos. Aplicamos nuestra teor´ıa con bloqueo exacto
y proyeccio´n a nu´mero de part´ıculas y momento angular a los nu´cleos
par e impar de la cadena isoto´pica de magnesio. Obtenemos un excep-
cional acuerdo en la descripcio´n de las energ´ıas de ligadura, los radios
de masa, la diferencia de energ´ıas par-impar y en los momentos electro-
magne´ticos. No so´lo las propiedades de los estados fundamenteales se
describen bien con esta teor´ıa. Hicimos tambie´n un estudio detallado
del nu´cleo 31Mg situado en el borde de la isla de inversio´n N=20, en el
que tanto los estados fudamentales como los excitados fueron correcta-
mente descritos as´ı como las probabilidades de transicio´n, obteniendo
un buen acuerdo con los datos experimentales actuales.
Por u´ltimo, llevamos a cabo el ca´lculo ma´s general posible en el nu´cleo
25Mg, donde las deformaciones β, γ fueron usadas como coordenadas
generadoras. Obtuvimos un acuerdo cuantitativo con el experimento en
las primeras bandas de cada paridad, as´ı como una buena descripcio´n
cualitativa del resto de bandas. Nuestros resultados tambie´n fueron
comparados con otros modelos teo´ricos.
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14.2 Futuras aplicaciones
Las te´cnicas desarrolladas en este trabajo pueden ser usadas para estudiar
otro tipo de sistemas como:
1. Sistemas con un nu´mero impar de protones y de neutrones. En estos
sistemas podemos realizar un estudio muy rico debido a las diferentes
posibilidades de bloqueo en los distintos canales. Por ejemplo, para
obtener los estados de paridad positiva podemos bloquear un proto´n
y un neutro´n con paridad positiva o bien bloquear ambos con nega-
tiva. Las bandas negativas se obtienen bloqueando distintos canales de
paridad para el proto´n y neutro´n.
2. Usar el procedimiento de cranking en nc´leos impares para romper la
degeneracio´n en el canal de bloqueo del simplex, abriendo la posibilidad
a encontrar nuevos estados.
3. Usar el procedimiento de cranking tambie´n en nu´cleos impares para
obtener un espectro ma´s comprimido y buscar estados alineados tal y
como hicimos en el nu´cleo 44S
14.3 Trabajo futuro
A pesar de la complejidad de las aproximaciones, podeos implementar au´n
varias mejoras. Las primeras hacen referencia al aumento del espacio varia-
cional para incluir ma´s correlaciones:
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1. Incorporacio´n de diferentes estados de quasi-particle para un determi-
nado valor del resto de coordenadas generadoras. Esto nos permitir´ıa
una mejor descripcio´n de las bandas excitadas.
2. Incoporar estados de muchas quasi-part´ıculas.
3. Romper la simetr´ıa de la paridad espacial y la subsiguiente restitucio´n
para describir deformaciones octupolares.
El incremento del espacio variacional aumenta el esfuerzo computacional sus-
tancialmente, por lo que debemos realizar tambie´n mejoras en este sentido.
1. Eliminar la dependencia lineal de las funciones de onda del generador
de coordenadas antes de calcular los solapes de la energ´ıa. Esto sig-
nifica calcular so´lo los solapes de la norma, elimiar aquellos linealmente
dependientes y luego proceder con el ca´lculo completo.
2. Tratar de usar los menores puntos que podamos para cada una de
las coordenadas generadoras. Por ejemplo, si so´lo estamos interesados
en calcular las propiedasdes de la banda funcdamental, podemos usar
las superficies de energ´ıa proyectadas (PES) como referencia, ya que
sabemos que so´lo los estados con energ´ıas pro´ximas al mı´nimo sera´n
importante en la mezcla de configuraciones.
Otra mejor´ıa esta´ relacionada con la interaccio´n usada. El desarrollo de los
me´todos ma´s alla´ de campo medio hace necesario un reajuste de la interaccio´n
(o incluso incluir nuevos te´rminos o modificar alguno de ellos). Aunque se
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dejo algu´n espacio para la energ´ıa de ligadura extra que conlleva el uso de
estas te´cnicas, hemos visto en este trabajo que no es suficiente.
Appendix A
Calculation of the norm overlap
In this appendix we derive the expression to calculate the Norm NNZ,IKK′ (~q, ~q ′)
between two projected states |Φ(~q)NZ,IMK〉 = P IMKPNPZ |Φ(~q)〉 with differ-
ent values of K, ~q. Our goal is to calculate:
NNZ,IKK′ (~q, ~q ′) = 〈Φ(~q)NZ,IMK |Φ(~q ′)NZ,IMK
′〉 (A.1)
As we saw in chapter 6, the main ingredient in the calculation is
n(~q, ~q ′,Ω, ϕlτ ) = 〈Φτ (~q)|Rˆ(Ω)eiϕlτ Nˆτ |Φτ (~q)〉 (A.2)
and then we use the following sequence to calculate A.1
n(~q, ~q ′,Ω, ϕlτ )
∑L
lτ=1
e−iϕlτ Nτ→ nτ (~q, ~q ′,Ω)
∏
τ=Z,N→
nNZ(~q, ~q ′)
∫
dΩDJ?
KK′ (Ω)→ NNZ,IKK′ (~q, ~q ′)(A.3)
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A.1 Theoretical derivation
We will follow closely Ref [1, 2]. Our wave function is characterized by the
Bogoliubov amplitudes U, V . As we saw this transformation can be decom-
posed in three independent transformations. The D transformation defines
the canonical basis. In this basis the wave function is written:
|w〉 = ΠMk (uα + vka†ka†k¯)|−〉 (A.4)
The elements uk are defined positive. The matrices U, V have dimension
2M × 2M .. The overlap between the |w〉 state and the transformed one is;
〈w|Rˆ(Ω)e−iϕlτ Nˆτ |w〉 = 〈w|Fˆ |w〉 = (−1)
M
ΠMk (vk)
2
pf(M)
=
(−1)M
ΠMk (vk)
2
pf
 V TU V TF TV ?
−V †FV U †V ?
 (A.5)
where pf(M) is the pfaffian of the matrix M. In A.5 we have to omit the
space which is not occupied, i.e.; those states with vk = 0. This means
U, V, F must be truncated to omit this space.
In the configuration mixing approach we have different vacuums. We can
write;
|w〉 = detC
ΠMk=1vk
β1..β2M |−〉 |w′〉 = detC
′
ΠMk=1v
′
k
β′1..β
′
2M |−〉 (A.6)
with amplitudes (U, V ) and U ′, V ′. C is the matrix of the third transforma-
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tion 3.7. The overlap in this case is:
〈w|F |w′〉 = (−1)M detC
?detC
ΠMk vkv
′
k
pf
 V TU V TF TV ′?
−V ′†FV U ′†V ′?
 (A.7)
If we are dealing with an odd-N state;
|qw〉 = c†q|w〉 =
∑
j
qjc
†
j|w〉 (A.8)
the overlap results:
〈wq|F |w′q′〉 = (−1)M ′ detC
?detC
ΠM
′
k vkv
′
k′
pf

V TU 0↑ V TF T q
′↑ V TF TV
′?
~0 0 −~q ?F T q′↑ ~q ?F TV ′?
−~q ′FV −~q ′Fq?↑ 0 0↑
−V ′†FV −V ′†Fq?↑ 0↑ U ′†V ′?

(A.9)
Note ~q (q↑) is just the row (column) of the V amplitude of the Bogoliubov
transformation which corresponds to the blocked state, this is Vk=q .
A.2 Structure of M
Using the decomposition of the U, V amplitudes 3.7;
U = DU¯C V = DV¯ C
U ′ = D′U¯ ′C ′ V ′ = D′V¯ ′C ′ (A.10)
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We can write;
M =
 CT V¯ T U¯C CT V¯ TDTF TD′V¯ ′C ′
−C ′T V¯ ′TD′TFDV¯ C C ′T U¯ ′T V¯ ′C ′

=
 CT V¯ T U¯C CT V¯ TDTF TD′V¯ ′C ′
−C ′T V¯ ′TD′TFDV¯ C C ′T U¯ ′T V¯ ′C ′

=
 CT V¯ T U¯C CT V¯ T F¯ T V¯ ′C ′
−C ′T V¯ ′T F¯ V¯ C C ′T U¯ ′T V¯ ′C ′
 (A.11)
with F¯ = D
′TFD. If we define the 4M × 4M matrix;
C =
C 0
0 C ′
 (A.12)
is straightforward to write:
M = CTM¯C′ (A.13)
where M¯ has the same form as A.7 but using U¯ (′), V¯ (′), F¯ (′) in stead of
U (
′), V (
′), F (
′). Given any matrix B and a skew-symmetric matrix A;
pf(BTAB) = det(B)pf(A)
Using this property:
pf(M¯) = pf(CTMC) = det(C)pf(M)
= det(C)det(C ′)pf(M)
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As det(C) = ±1, det(C ′) = ±1 the difference between calculating the over-
lap using U¯ (
′), V¯ (
′), F¯ (
′) and U (
′), V (
′), F (
′) is only a global phase. Due to
the simplicty of the former ones, we will use them in the folowing to study
the different simplex blocks and the effect of blocking a state (odd-nuclei).
Furthermore, matrices U¯ , V¯ relate {α} and {a} basis. From chapter 3 we
know that these basis only differ to {β} and {c} ones by a unitary transfor-
mation between particle operators, which does not mix signature. Therefore
the simplex-block properties remain unchanged.

~α
~¯α
~α†
~¯α†

= W

~a
~¯a
~a†
~¯a†

=
 U¯T V¯ T
V¯ T U¯T


~a
~¯a
~a†
~¯a†

(A.14)
Using the U and V blocked structure;

~α
~¯α
~α†
~¯α†

=

U¯1,T . . . . . . V¯ 1,T
. . . U¯2,T V¯ 2,T . . .
. . . V¯ 1,T U¯1,T . . .
U¯2,T . . . . . . V¯ 2,T


~a
~¯a
~a†
~¯a†

(A.15)
Although U¯1 = U¯2 and V¯ 1 = −V¯ 2 we will keep indeces 1,2 in the following
derivation, as it gives a clearer vision of the evolution of the different blocks,
especially in odd systems.
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A.2.1 Even system structure
As an example lets suppose the dimension is M=3. If the blocking number
is equal to zero, then we have the same number of operators αi and αi¯ and
relation A.15 becomes;

α1
α2
α3
α1¯
α2¯
α3¯
α†1
α†2
α†3
α†
1¯
α†
2¯
α†
3¯

=

U¯11 0 0 . . . . . . . . . . . . . . . . . . V¯
1
1 0 0
0 U¯12 0 . . . . . . . . . . . . . . . . . . 0 V¯
1
2 0
0 0 U¯13 . . . . . . . . . . . . . . . . . . 0 0 V¯
1
3
. . . . . . . . . U¯21 0 0 V¯
2
1 0 0 . . . . . . . . .
. . . . . . . . . 0 U¯22 0 0 V¯
2
2 0 . . . . . . . . .
. . . . . . . . . 0 0 U¯23 0 0 V¯
2
3 . . . . . . . . .
. . . . . . . . . V¯ 11 0 0 U¯
1
1 0 0 . . . . . . . . .
. . . . . . . . . 0 V¯ 12 0 0 U¯
1
2 0 . . . . . . . . .
. . . . . . . . . 0 0 V¯ 13 0 0 U¯
1
3 . . . . . . . . .
V¯ 21 0 0 . . . . . . . . . . . . . . . . . . U¯
2
1 0 0
0 V¯ 22 0 . . . . . . . . . . . . . . . . . . 0 U¯
2
2 0
0 0 V¯ 23 . . . . . . . . . . . . . . . . . . 0 0 U¯
2
3


a1
a2
a3
a1¯
a2¯
a3¯
a†1
a†2
a†3
a†
1¯
a†
2¯
a†
3¯

(A.16)
In general;
αi = U¯
1
i ai + V¯
1
i a
†
i¯
αi¯ = U¯
2
i ai¯ + V¯
2
i a
†
i (A.17)
α†i = U¯
1
i a
†
i + V¯
1
i ai¯ α
†
i¯
= U¯2i a
†
i¯
+ V¯ 2i ai (A.18)
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For example for operator number 1;
α1 = U¯
1
1a1 + V¯
1
1 a
†
1¯
α1¯ = U¯
2
1a1¯ + V¯
2
1 a
†
1 (A.19)
α†1 = U¯
1
1a
†
1 + V¯
1
1 a1¯ α
†
1¯
= U¯21a
†
1¯
+ V¯ 21 a1 (A.20)
A.2.2 Odd system: Blocked level
Now suposse we block level number 3. If the blocked level has positive
signature we now have M-1 operators αi and M+1 operators αi¯.
α1
α2
α1¯
α2¯
α3¯
α4¯
α†1
α†2
α†
1¯
α†
2¯
α†
3¯
α†
4¯

=

U¯11 0 0 . . . . . . . . . . . . . . . . . . V¯
1
1 0 0
0 U¯12 0 . . . . . . . . . . . . . . . . . . 0 V¯
1
2 0
. . . . . . . . . U¯21 0 0 V¯
2
1 0 0 . . . . . . . . .
. . . . . . . . . 0 U¯22 0 0 V¯
2
2 0 . . . . . . . . .
. . . . . . . . . 0 0 0 0 0 1 . . . . . . . . .
. . . . . . . . . 0 0 1 0 0 0 . . . . . . . . .
. . . . . . . . . V¯ 11 0 0 U¯
1
1 0 0 . . . . . . . . .
. . . . . . . . . 0 V¯ 12 0 0 U¯
1
2 0 . . . . . . . . .
V¯ 21 0 0 . . . . . . . . . . . . . . . . . . U¯
2
1 0 0
0 V¯ 22 0 . . . . . . . . . . . . . . . . . . 0 U¯
2
2 0
0 0 1 . . . . . . . . . . . . . . . . . . 0 0 0
0 0 0 . . . . . . . . . . . . . . . . . . 0 0 1


a1
a2
a3
a1¯
a2¯
a3¯
a†1
a†2
a†3
a†
1¯
a†
2¯
a†
3¯

(A.21)
So for example for operator number 1 (non-blocked) the expression is the
same as A.19-A.20 . The same is true for the non-blocked level 2. However,
A.2. Structure of M 213
te expression for 3 and 4 becomes;
α3¯ = a
†
3 α
†
3¯
= a3 (A.22)
α4¯ = a3¯ α
†
4¯
= a†
3¯
(A.23)
We know that for an occupied level ”q¯” vq¯ = 1 and uq = 0 (ie αq¯ = a
†
q),
and for an empty level vq = 0 and uq = 1. Therefore is clear that in the
example above α3¯ is occupied while α4¯ is empty. In order to compute the
norm overlap of expression A.9 we must exclude the empty levels. The way
to do this is to ”cut” the subspace belonging to α4¯, and, for expression A.23,
which in the canonical basis is the subspace of a3¯. This corresponds to a
reduction of one column and one row in matrices U¯ and V¯ .
Columns in matrices U¯ and V¯ correspond to different α, while rows corre-
spond to different a 1 Matrix U¯1 remains equal. In U¯2 we eliminate the last
column (corresponding to α4¯), and last row (corresponding to a3¯) . In ma-
trix V¯ 1 we exclude last row (corresponding to a3¯) and in V¯
2 we exclude last
column (corresponding to α4¯). The transformation is;
1 *Note that in expression A.14 we are using the transpose ones.
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
U¯11 0 · · · · · · · · · · · ·
0 U¯12 · · · · · · · · · · · ·
0 0 · · · · · · · · · · · ·
· · · · · · U¯21 0 0 0
· · · · · · 0 U¯22 0 0
· · · · · · 0 0 0 1

→

U¯11 0 · · · · · · · · ·
0 U¯12 · · · · · · · · ·
0 0 · · · · · · · · ·
· · · · · · U¯21 0 0
· · · · · · 0 U¯22 0

(A.24)

· · · · · · V¯ 21 0 0 0
· · · · · · 0 V¯ 22 0 0
· · · · · · 0 0 1 0
V¯ 11 0 · · · · · · · · · · · ·
0 V¯ 12 · · · · · · · · · · · ·
0 0 · · · · · · · · · · · ·

→

· · · · · · V¯ 21 0 0
· · · · · · 0 V¯ 22 0
· · · · · · 0 0 1
V¯ 11 0 · · · · · · · · ·
0 V¯ 12 · · · · · · · · ·

(A.25)
In order to derivate future expressions we will define matrices U˜ and V˜ as;

U¯11 0 · · · · · · · · ·
0 U¯12 · · · · · · · · ·
0 0 · · · · · · · · ·
· · · · · · U¯21 0 0
· · · · · · 0 U¯22 0

=

U˜1
· · · · · · · · ·
· · · · · · · · ·
0 0 · · · · · · · · ·
· · · · · ·
U¯2
0
· · · · · · 0

(A.26)
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
· · · · · · V¯ 21 0 0
· · · · · · 0 V¯ 22 0
· · · · · · 0 0 1
V¯ 11 0 · · · · · · · · ·
0 V¯ 12 · · · · · · · · ·

=

· · · · · ·
V˜ 2
0
· · · · · · 0
· · · · · · 0 0 1
V˜ 1
· · · · · · · · ·
· · · · · · · · ·

(A.27)
The 4M × 4M transformation matrix F = Rˆ(Ω)eiϕNˆ (or F¯ ) ,is resized
accordingly; i.e. the rows and columns belonging to the subspace of a3¯ have
to be omitted. Block number 1 belongs to subspace with positive signature
{ai}, and therefore remains unchanged, with dimension 2M × 2M . Block
number 2 belongs to subspace with negative signature {ai¯} and reduces to
2M − 1 × 2M − 1 . Blocks 3 and 4 mix signatures. Their new dimensions
are 2M × 2M − 1 and 2M − 1× 2M respectively.

F¯ 1 F¯ 3
F¯ 4 F¯ 2

→

F¯ 1 F¯ 3
F¯ 4 F¯ 2

=

F˜ 1 F¯ 1↑q3 F˜
3
~¯F 13q F¯
1
33
~¯F 33q
F˜ 4 F¯ 4↑q3 F˜
2

(A.28)
In A.28 we also defined F˜ in the same way we did for U˜ , V˜ . The blocked
subspace of F¯ is written with a→ (as in ~¯F 13q) when is a row, and with an ↑ (as
in F 1↑q3 ) when is a column. Now we are prepared to study the block properties
on expression A.9. Note that as matrices U and V are real, and the matrix
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is skew symmetric, the right botton box (UTV ) is equal to the transpose of
the left top box (V TU). In addition the right top box (V TT TV ) is minus the
transpose right bottom box (V TT TV ). Therefore we have to study only the
block properties of two of the boxes: UTV and −V TFV . Using A.26, A.27
and A.28:
V TU =

· · · · · ·
V˜ 1T U˜2 0↑
· · · · · ·
V˜ 2T U˜1
· · · · · · · · ·
· · · · · · · · ·
~0 · · · · · · · · ·

(A.29)
− V TFV =

−V˜ 1T F˜ 2V˜ 2 −V˜ 1T F˜ 4V˜ 2 −V˜ 1T F¯ 4↑q3
−V˜ 2T F˜ 3V˜ 1 −V˜ 2T F˜ 1V˜ 2 −V˜ 2T F¯ 1↑q3
− ~¯F 33qV˜ 1 − ~¯F 13qV˜ 2 −F¯ 133

(A.30)
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Now we compare expressions A.29 and A.30 with A.9. Notice first that in
expressions A.29 and A.30 the vector ~q = (0 0 0...1), because we are working
with U¯ , V¯ matrices in stead of U, V ones. We see we arrive at the correct
form of matrix M (blocking the last state). 2
2Note that the last row in expression A.30 can be move to he first row without changing
the value of the Pfaffian
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Appendix B
Operator-Overlap
In this appendix we derive the expression of the expected value ONZ,IKK′ (~q, ~q ′)
of any operator Oˆ between two projected states |Φ(~q)NZ,IMK〉 = P IMKPNPZ |Φ(~q)〉
with different values of K, ~q. Our goal is to calculate:
ONZ,IKK′ (~q, ~q ′) = 〈Φ(~q)NZ,IMK |OˆKK′|Φ(~q′)NZ,IMK
′〉 (B.1)
As we saw in chapter 6, the main ingredient in the calculation is
oNZ(~q, ~q ′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|OˆRˆ(Ω)eiϕlpi NˆZeiϕlN Nˆν |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(B.2)
and then use the following sequence to calculate B.1
o(~q, ~q ′,Ω, ϕlZ , ϕlN )
∑L
lZ=1
∑L
lN=1
ylZ ylN→ o(~q, ~q ′,Ω) ×n
NZ(~q,~q ′)→
ONZ(~q, ~q ′,Ω)
∫
dΩDJ?
KK′ (Ω)→ ONZ,IKK′ (~q, ~q ′) (B.3)
219
220 Appendix B. Operator-Overlap
Expression ylZylN in the sequence above was calculated in 6.92 of appendix
A. In this chapter we are going to develop the tools to calculate B.2 (blue
color).
B.1 Theoretical derivation
Lets define a transformation Fˆ → Fij = 〈i|Fˆ |j〉. This transformation must
fulfill the following properties;
1. Maintains fermionic commutation rules
Fˆ{c†icj}Fˆ † = δij (B.4)
2. Is unitary
Fˆ Fˆ † = Fˆ †Fˆ = I (B.5)
3. Does not mix creation and anhilation operators
Fˆ c†i Fˆ
† =
∑
j
Fjic
†
j
Fˆ ciFˆ
† =
∑
j
F ?jicj (B.6)
The transformation Rˆ(Ω)eiϕlpi Nˆpieiϕlν Nˆν on expression B.2 is an example of
this transformation. The elements Fij are easy to obtain. Moreover, the
particle number projection part is independent of (i,j). If this i,j correspond
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to isospin τ :
Fij = 〈iτ |Rˆ(Ω)eiϕlpi Nˆpieiϕlν Nˆν |jτ 〉 = 〈−|cτi Rˆ(Ω)eiϕlpi Nˆpieiϕlν Nˆνcτ†j |−〉
= eiϕ〈−|cτi Rˆ(Ω)cτ†j eiϕlτ Nˆτ |−〉 = eiϕ〈−|cτi Rˆ(Ω)cτ†j |−〉
= eiϕ〈iτ |Rˆ(Ω)|jτ 〉 (B.7)
So the operator Fˆ is written in a simple way;
Fˆ = eiϕRˆ(Ω) (B.8)
We know that state |Φ(~q)〉 is the vacuum of quasi-particle operators βk(~q),
and state |Φ(~q ′)〉 is the vacuum of quasi-particle operators βk(~q ′), i.e;
βk(~q)|Φ(~q)〉 = 0 ∀k
βk(~q
′)|Φ(~q ′)〉 = 0 ∀k (B.9)
We can define the state |Φ˜(~q ′)〉 as;
|Φ˜(~q ′)〉 = Fˆ |Φ(~q ′)〉 (B.10)
This state is vacuum of a different of operators β˜k(~q
′);
β˜k(~q
′)|Φ˜(~q ′)〉 = 0 ∀k (B.11)
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These new quasi-particle operators are related to the particle operators by
the corresponding amplitudes U˜(~q ′), V˜ (~q ′);

β˜(~q ′)
β˜†(~q ′)
 =

U˜ †(~q ′) V˜ †(~q ′)
V˜ T (~q ′) U˜T (~q ′)


c
c†
 (B.12)
The operator Oˆ is a product of creation and anhilation of any of the operators
used up to now β
(†)
k (~q), β˜
(†)
k (~q
′), c(†)k . Being a, b, c... any of these operators;
Oˆ = abc...yz.. (B.13)
With these definitions the calculation of B.2 reduces to;
〈Φ(~q)|OˆFˆ |Φ(~q ′)〉
〈Φ(~q)|Fˆ |Φ(~q ′)〉 =
〈Φ(~q)|abc..xyz|Φ˜(~q ′)〉
〈Φ(~q)|Φ˜(~q ′)〉 (B.14)
where we can apply the generalized Wick theorem. This theorem allows us
to calculate the mean values of a product of operators abc... between states
with the same or different quasi-particle vacuum as a sum of the products of
all possible two operators.
〈Φ(~q)|abc..xyz|Φ˜(~q ′)〉
〈Φ(~q)|Φ˜(~q ′)〉 = [ab]...[yz]± [ac]...[yz]± ... (B.15)
with
[ab] =
〈Φ(~q)|ab|Φ˜(~q ′)〉
〈Φ(~q)|Φ˜(~q ′)〉 =
〈Φ(~q)|abFˆ |Φ(~q ′)〉
〈Φ(~q)|Fˆ |Φ(~q ′)〉 (B.16)
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Many of the contractions of the expression above vanish. We are going to
see which of them do not. First we consider those between quasi-particle
operators β(~q), β†(~q), β˜(~q ′), β˜†(~q ′). In principle there are 16 possible com-
binations. However,
〈Φ(~q)|β†i (~q) = 0 β˜i(~q ′)|Φ˜(~q′)〉 = 0 (B.17)
so all combinations of the type β†(~q)α y αβ˜(~q ′) (where α is any operator)
vanish. That leaves 9 combinations. 4 of them do not mix β with β˜ operators:
β(~q)β†(~q), β(~q)β(~q), β˜(~q ′)β˜†(~q ′), β˜(~q ′)β(~q
The other five do;
β(~q)β˜†(~q ′), β˜(~q ′)β(~q), β˜(~q ′)β†(~q), β˜†(~q ′)β(~q), β˜†(~q ′)β†(~q)
The first four are easier due to the fermionic character of the operators:
βi(~q)β
†
j (~q) = δij − β†j (~q)βi(~q)
β˜i(~q
′)β˜†j (~q
′) = δij − β˜†j (~q′)β˜i(~q′) (B.18)
and we can use;
〈Φ(~q)|βi(~q)β†j (~q)|Φ˜(~q′)〉
〈Φ(~q)|Φ˜(~q′)〉 =
〈Φ(~q)|δij|Φ˜(~q′)〉
〈Φ(~q)|Φ˜(~q′)〉 −
〈Φ(~q)|β†j (~q)βi(~q)|Φ˜(~q′)〉
〈Φ(~q)|Φ˜(~q′)〉
=
〈Φ(~q)|δij|Φ˜(~q′)〉
〈Φ(~q)|Φ˜(~q′)〉 (B.19)
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In a compact notation, the contractions between operators β(~q):
〈Φ(~q)|Φ˜(~q ′)〉−1

〈Φ(~q)|β(~q)β(~q)|Φ˜(~q ′)〉 〈Φ(~q)|β(~q)β†(~q)|Φ˜(~q ′)〉
〈Φ(~q)|β†(~q)β(~q)|Φ˜(~q ′)〉 〈Φ(~q)|β†(~q)β†(~q)|Φ˜(~q ′)〉

= 〈Φ(~q)|Φ˜(~q ′)〉−1

〈Φ(~q)|β(~q)β(~q)|Φ˜(~q ′)〉 I
0 0
 (B.20)
A similar relation as B.19 for β˜ operators allows us to obtain:
〈Φ(~q)|Φ˜(~q ′)〉−1

〈Φ(~q)|β˜(~q ′)β˜(~q ′)|Φ˜(~q ′)〉 〈Φ(~q)|β˜(~q ′)β˜†(~q ′)|Φ˜(~q ′)〉
〈Φ(~q)|β˜†(~q ′)β˜(~q ′)|Φ˜(~q ′)〉 〈Φ(~q)|β˜†(~q ′)β˜†(~q ′)|Φ˜(~q ′)〉

= 〈Φ(~q)|Φ˜(~q ′)〉−1

0 I
0 〈Φ(~q)|β˜†(~q ′)β˜†(~q ′)|Φ˜(~q ′)〉
 (B.21)
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For the mixed terms, we will see in Appendix () that only the one with β˜
operator on the right is necessary for the calculations. Therefore;
〈Φ(~q)|Φ˜(~q ′)〉−1

〈Φ(~q)|β(~q)β˜(~q ′)|Φ˜(~q ′)〉 〈Φ(~q)|β(~q)β˜†(~q ′)|Φ˜(~q ′)〉
〈Φ(~q)|β†(~q)β˜(~q ′)|Φ˜(~q ′)〉 〈Φ(~q)|β†(~q)β˜†(~q ′)|Φ˜(~q ′)〉

= 〈Φ(~q)|Φ˜(~q ′)〉−1

0 〈Φ(~q)|β(~q)β˜†(~q ′)|Φ˜(~q ′)〉
0 0
 (B.22)
B.2 T transformation matrix
On the expressions above we have two different vacuums on the left and on
the side {~q}, {~q ′}. These two basis can be related with matrix Tˆq→q′ ;
|Φ(~q ′)〉 = Tˆq→q′ |Φ(~q)〉 (B.23)
Therefore |Φ(~q)〉 and |Φ˜(~q ′)〉 are related by a double transformation T which
is the action of operators F and Tˆq→q′ ;
|Φ˜(~q ′)〉 = Fˆ Tˆq→q′|Φ(~q)〉 = T|Φ(~q)〉 (B.24)
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With theses relations;

β(~q)
β†(~q)
 =

T11 T12
T21 T22


β˜(~q ′)
β˜†(~q ′)
 (B.25)
and 
β˜(~q ′)
β˜†(~q ′)
 = T

β(~q)
β†(~q)
T
−1 (B.26)
Both β(~q), β˜(~q ′) are related to the particle basis {c, c†} by U(~q), V (~q) and
U˜(~q ′), V˜ (~q ′) respectively. In addition the latter is related to U(~q ′), V (~q ′)
through matrix Fˆ . This allows us to write;

T11 T12
T21 T22
 =

U †(~q) V †(~q)
V T (~q) UT (~q)


F 0
0 F ?


U(~q ′) V ?(~q ′)
V (~q ′) U?(~q ′)
 (B.27)
With the definition;
[Fˆ] =
Fˆ
〈Φ(~q)|Fˆ |Φ(~q ′)〉 (B.28)
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we can express the basic contractions (color blue on expressions B.20-B.22)
as [1]
〈Φ(~q)|βl(~q)βl′(~q)[Fˆ]|Φ(~q ′)〉 = −(T12T−122 )ll′
〈Φ(~q)|β˜†l (~q)β˜†l′(~q)[Fˆ]|Φ(~q ′)〉 = −(T−122 T21)ll′
〈Φ(~q)|[Fˆ]β†l (~q)β†l′(~q)|Φ(~q ′)〉 = −(T−122 T21)ll′ (B.29)
B.3 Generalizaed density matrix and pairing
tensors
If the operator is expressed using particle operators, it would be interesting
to obtain also the generalized density matrix and pairing tensors:
ρ10ll′ ≡ = 〈Φ(~q)|c†l′cl[Fˆ]|Φ(~q ′)〉
κ10ll′ ≡ = 〈Φ(~q)|cl′cl[Fˆ]|Φ(~q ′)〉
κ01ll′ ≡ = 〈Φ(~q)|c†l′c†l [Fˆ]|Φ(~q ′)〉 (B.30)
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Using the relation between particle and quasi-particle operators:
cl =
∑
k
Ulk(~q)βk(~q) + V
?
lk(~q)β
†
k(~q)
=
∑
k
U˜lk(~q
′)β˜k(~q′) + V˜ ?lk(~q
′)β˜†k(~q
′)
c†l =
∑
k
U?lk(~q)β
†
k(~q) + Vlk(~q)βk(~q)
=
∑
k
U˜?lk(~q
′)β˜†k(~q
′) + V˜lk(~q′)β˜k(~q′) (B.31)
and taking into account expressions B.20-B.22 and B.29;
ρ10ll′ =
∑
kk′
〈Φ(~q)|(U?l′k′(~q)β†k′(~q) + Vl′k′(~q)βk′(~q))(U˜lk(~q′)β˜k(~q′)
+V˜ ?lk(~q
′)β˜†k(~q
′)[Fˆ ]|Φ(~q′))〉
=
∑
kk′
Vl′k′(~q)V˜
?
lk(~q
′)〈Φ(~q)|βk′(~q)β˜†k(~q′)[Fˆ ]|Φ(~q)〉
=
∑
kk′
Vl′k′(~q)V˜
?
lk(~q
′)[T T22]
−1
k′k
= (V (~q)[T T22]
−1V˜ †(~q′))l′l
= (V˜ ?(~q′)[T22]−1V T (~q))ll′
= (FV ?(~q′)[T22]−1V T (~q))ll′ (B.32)
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κ10ll′ =
∑
kk′
〈Φ(~q)|(Ul′k′(~q)βk′(~q) + V ?l′k′(~q)β†k′(~q)(U˜lk(~q′)β˜k(~q′)
+V˜ ?lk(~q
′)β˜†k(~q
′))[Fˆ ]|Φ(~q′))〉
=
∑
kk′
Ul′k′(~q)V˜
?
lk(~q
′)〈Φ(~q)|βk′β†k[Fˆ ]|Φ(~q)〉
=
∑
kk′
Ul′k′(~q)V˜
?
lk(~q
′)[T T22]
−1
k′k
= (U(~q)[T T22]
−1V˜ †(~q′))l′l
= (V˜ ?(~q′)[T22]−1UT (~q))ll′
= (FV ?(~q′)[T22]−1UT (~q))ll′ (B.33)
κ01ll′ =
∑
kk′
〈Φ(~q)|(U?lk(~q)β†k(~q) + Vlk(~q)βk(~q)(U˜?l′k′(~q′)β˜†k′(~q′)
+V˜l′k′(~q
′)β˜k′(~q′))[Fˆ ]|Φ(~q′))〉
=
∑
kk′
Vlk(~q)U˜
?
l′k′(~q
′)〈Φ(~q)|βk(~q)β˜†k′(~q′)[Fˆ ]|Φ(~q)〉
=
∑
kk′
Vl′k′(~q)U˜
?
lk(~q
′)[T T22]
−1
kk′
= (U˜?(~q′)[T T22]
−1V T (~q))ll′
= −(U˜?(~q′)[T22]−1V T (~q))ll′
= −(F ?U?(~q′)[T22]−1V T (~q))ll′ (B.34)
Summarizing the expressions above we write the generalized density matrix
and pairing tensors as;
ρ10ll′ ≡ = 〈Φ(~q)|c†l′cl[Fˆ]|Φ(~q ′)〉 = (FV ?(~q ′)T−122 V T (~q))ll′
κ10ll′ ≡ = 〈Φ(~q)|cl′cl[Fˆ]|Φ(~q ′)〉 = (FV ?(~q ′)T−122 UT (~q))ll′
κ01ll′ ≡ = 〈Φ(~q)|c†l′c†l [Fˆ]|Φ(~q ′)〉 = −(F ?U?(~q ′)T−122 V T (~q))ll′ (B.35)
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B.4 Block structure of T22 and ρ, κ
B.4.1 T22 block structure
In this section we are going to study the block properties of matrix T22
defined in Appendix which is necessary to compute the density matrix and
pairing tensors B.35. As these matrices do not mix isospin and parity we
omit indeces Z,N,+,− on the expressions for U, V .
Using B.27 and the expression for Fˆ B.8
T22 = e
iϕV T (~q)Rˆ(Ω)V (~q ′)? + eiϕUT (~q)Rˆ?(Ω)U(~q ′)? (B.36)
The rotation matrix R(Ω) mix signatures and thefore has four different
blocks;
R(Ω) =

R1(Ω) R3(Ω)
R4(Ω) R2(Ω)
 (B.37)
Using the blocks of matrices U, V ;
T22(~q, ~q
′,Ω, ϕ) =

T 122 T
3
22
T 422 T
2
22
 (B.38)
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with
T 122(~q, ~q
′,Ω, ϕ) = eiϕV 1T (~q)R2(Ω)V 1?(~q ′) + e−iϕU1T (~q)R1(Ω)U1?(~q ′)
T 222(~q, ~q
′,Ω, ϕ) = eiϕV 2T (~q)R1(Ω)V 2?(~q ′) + e−iϕU2T (~q)R2(Ω)U2?(~q ′)
T 322(~q, ~q
′,Ω, ϕ) = eiϕV 1T (~q)R4(Ω)V 2?(~q ′) + e−iϕU1T (~q)R3(Ω)U2?(~q ′)
T 422(~q, ~q
′,Ω, ϕ) = eiϕV 2T (~q)R3(Ω)V 1?(~q ′) + e−iϕU2T (~q)R4(Ω)U1?(~q ′)B.39)
In absence of blocking, all the blocks have the same dimension M ×M . If
there is blocking the dimensions are;
U1, V 1 → (M ×M1) = (M ×M − nb)
U2, V 2 → (M ×M2) = (M ×M + nb)
Ri(Ω) → (M ×M) ∀i = 1, 2, 3, 4 (B.40)
so
T 122 → (M1 ×M1) = (M − nb ×M − nb)
T 222 → (M2 ×M2) = (M + nb ×M + nb)
T 322 → (M1 ×M2) = (M − nb ×M + nb)
T 422 → (M2 ×M1) = (M + nb ×M − nb) (B.41)
For example if we block a state with positive signature, nb > 0 and the matrix
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will be; 
T 122 T
3
22
T 422 T
2
22

(B.42)
B.4.2 ρ, κ block structure
In the following we derivate the block structure for the matrix density and
pairing tensors. This matrices mix signatures and therefore have four blocks;
ρ10(~q, ~q ′,Ω, ϕ) =

(ρ10)1 (ρ10)3
(ρ10)4 (ρ10)2

κ10(~q, ~q ′,Ω, ϕ) =

(κ10)1 (κ10)3
(κ10)4 (κ10)2

κ01(~q, ~q ′,Ω, ϕ) =

(κ01)1 (κ01)3
(κ01)4 (κ01)2
 (B.43)
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Using B.35 and B.51 is simple to obtain;
(ρ10(~q, ~q ′,Ω, ϕ))1 = eiϕ(R3V 1?( ~q ′)(T 322)
−1V T2 (~q) +R
1V 2?( ~q ′)(T 222)
−1V T2 (~q))
(ρ10(~q, ~q ′,Ω, ϕ))2 = eiϕ(R2V 1?( ~q ′)(T 122)
−1V T1 (~q) +R
4V 2?( ~q ′)(T 422)
−1V T1 (~q))
(ρ10(~q, ~q ′,Ω, ϕ))3 = eiϕ(R3V 1?( ~q ′)(T 122)
−1V T1 (~q) +R
1V 2?( ~q ′)(T 422)
−1V T1 (~q))
(ρ10(~q, ~q ′,Ω, ϕ))4 = eiϕ(R2V 1?( ~q ′)(T 322)
−1V T2 (~q) +R
4V 2?( ~q ′)(T 222)
−1V T2 (~q))
(κ10(~q, ~q ′,Ω, ϕ))1 = eiϕ(R3V 1?( ~q ′)(T 122)
−1UT1 (~q) +R
1V 2?( ~q ′)(T 422)
−1UT1 (~q))
(κ10(~q, ~q ′,Ω, ϕ))2 = eiϕ(R2V 1?( ~q ′)(T 322)
−1UT2 (~q) +R
4V 2?( ~q ′)(T 222)
−1UT2 (~q))
(κ10(~q, ~q ′,Ω, ϕ))3 = eiϕ(R3V 1?( ~q ′)(T 322)
−1UT2 (~q) +R
1V 2?( ~q ′)(T 222)
−1UT2 (~q))
(κ10(~q, ~q ′,Ω, ϕ))4 = eiϕ(R2V 1?( ~q ′)(T 122)
−1UT1 (~q) +R
4V 2?( ~q ′)(T 422)
−1UT1 (~q))
(κ01(~q, ~q ′,Ω, ϕ))1 = −e−iϕ(R1U1?( ~q ′)(T 322)−1V T2 (~q) +R3U2?( ~q ′)(T 222)−1V T2 (~q))
(κ01(~q, ~q ′,Ω, ϕ))2 = −e−iϕ(R4U1?( ~q ′)(T 122)−1V T1 (~q) +R2U2?( ~q ′)(T 422)−1V T1 (~q))
(κ01(~q, ~q ′,Ω, ϕ))3 = −e−iϕ(R1U1?( ~q ′)(T 122)−1V T1 (~q) +R3U2?( ~q ′)(T 422)−1V T1 (~q))
(κ01(~q, ~q ′,Ω, ϕ))4 = −e−iϕ(R4U1?( ~q ′)(T 322)−1V T2 (~q) +R2U2?( ~q ′)(T 222)−1V T2 (~q))
Evidently these are square matrices with dimensions M ×M . For example
in the expression for (ρ10)1 :
(ρ10)1 ∝ (R3V 1?( ~q ′)(T 322)−1V T2 (~q) +R1V 2?( ~q ′)(T 222)−1V T2 (~q))
[(M ×M)] → (M ×M)(M1×)(M1 ×M2)(M2 ×M)
+ (M ×M)(M ×M2)(M2 ×M2)(M2 ×M) (B.44)
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Invertibility of T22
In order to obtain the density matrix and the pairing tensors we have to
calculate the inverse of T22. It is important to prove the determinant of this
matrix is not zero in extreme cases (for example of empty levels). We take
the Bogoliubov amplitudes of A.21 ; For simplicity to study the shape of this
matrix we will use U¯ , V¯ .
T 122 = e
iϕ
 V˜ T1
0
0
R
2

V˜ 1
0 0

+ e−iϕ
 U˜T1
0
0
R
1

U˜1
0 0

=

eiϕV˜ T1R2V˜ 1
+e−iϕU˜T1R1U˜1
 (B.45)
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T 222 = e
iϕ

V˜ T2
0
0
0 0 1
0 0 0

R1

V˜ 2
0 0
0 1
0 0 0 0

+ e−iϕ

U˜T2
0
0
0 0 0
0 0 1

R2

U˜2
0 0
0 0
0 0 0 1

=

e−iϕV˜ T1R1V˜ T1 0 0
+e−iϕU˜T2R2U˜T2 0 0
0 0 e−iϕR1MM 0
0 0 0 e−iϕR2MM

(B.46)
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T 322 = e
iϕ
 V˜ T1
0
0
R
4

V˜ 2
0 0
0 1
0 0 0 0

+ e−iϕ
 U˜T1
0
0
R
3

U˜2
0 0
0 0
0 0 0 1

=

eiϕV˜ T1R4V˜ 2 0 0
+e−iϕU˜T1R3U˜2 0 0
 (B.47)
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T 422 = e
iϕ

V˜ T2
0
0
0 0 1
0 0 0

R3

V˜ 1
0 0

+ e−iϕ

U˜T2
0
0
0 0 0
0 0 1

R4

U˜1
0 0

=

e−iϕV˜ T2R3V˜ 1
+e−iϕR4U˜T2U˜1
0 0
0 0

(B.48)
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Finally, and using that U˜1 = U˜2 = U˜ and V˜ 1 = −V˜ 2 = V˜ the matrix takes
the simple form;
T22 =

A B
0 0
0 0
C D
0 0
0 0
0 0 0 0 eiϕR1MM(Ω) 0
0 0 0 0 0 e−iϕR2MM(Ω)

(B.49)
where R1,2MM(Ω) is the matrix element of the rotation matrix which corre-
sponds to the blocked state, which in this case is the last one (M).
A = eiϕV˜ TR2(Ω)V˜ + e−iϕU˜TR1(Ω)U˜
D = −eiϕV˜ TR1(Ω)V˜ + e−iϕU˜TR2(Ω)U˜
C = −eiϕV˜ TR4(Ω)V˜ + e−iϕU˜TR3(Ω)U˜
D = −eiϕV˜ TR3(Ω)V˜ + e−iϕU˜TR4(Ω)U˜ (B.50)
Is clear that the determinant is just the same as the paired-system one mul-
tiplied by these R1,2MM(Ω) elements. As we have seen T22 is invertible. Its
B.4. Block structure of T22 and ρ, κ 239
inverse T−122 have also four signature blocks namely;
T−122 (~q, ~q
′,Ω, ϕ) =

(T 122)
−1 (T 322)
−1
(T 422)
−1 (T 222)
−1
 (B.51)
A simple case: Rˆ(Ω) = I
In case of no angular momentum projection, Rˆ1(Ω) = Rˆ1(Ω) = I and
Rˆ3(Ω) = Rˆ4(Ω) = 0 so T22 takes the simple form:
T22 =

A 0
0 0
0 0
0 A
0 0
0 0
0 0 0 0 eiϕ 0
0 0 0 0 0 e−iϕ

(B.52)
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With
A = eiϕV˜ T V˜ + e−iϕU˜T U˜
(B.53)
So the determinant is exactly the same as with the even system function;
Matrix A is diagonal, with elements
Ai = e
iϕv2i + e
−iϕu2i (B.54)
the determinant takes the simple form:
Det T22 = det (AA−BB) (B.55)
and taking into account ??
Det T22 =
∏
i=1,M
(eiϕv2i + e
−iϕu2i )
2 (B.56)
B.5 Summary
To summarize, to calculate expression B.2;
1. Express operator Oˆ as a product of any of the (quasi)-particle operators
used B.13
2. Apply Wick theorem B.15.
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3. Calculate the different contractions B.16 using relations B.29 and B.35
.
Bibliography
[1] Varshalovich, D. A., Moskalev, A. N.Khersonski, V. K. (1988) Quan-
tum theory of angular momentum:irreducible tensors,spherical harmon-
ics, vector coupling coefficients, 3nj symbols Singapore ; World Scientific
Pub.,
242
Appendix C
GCM overlaps
In this appendix, with the use of the expressions obtain in appendix B, we
calculate the mean value of the Hamiltonian between GCM wave functions,
needed for the configuration mixing calculation. The goal is to calculate
expression :
eNZ(~q, ~q ′,Ω) =
〈Φ(~q)|HˆRˆ(Ω)PˆZPˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)PˆZPˆN |Φ(~q ′)〉
=
L∑
lZ=1
L∑
lN=1
ylZylN e(~q, ~q
′,Ω, ϕlZ , ϕlN ) (C.1)
with
e(~q, ~q ′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|HˆRˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(C.2)
This is, use the expressions in last chapter to the particular case in which
Oˆ = Hˆ. The hamiltonian has one-body terms and two body terms. Lets
243
244 Appendix C. GCM overlaps
start with the easiest one; the one body term (Kinetic term).
C.0.1 Kinetic term
We separate this term into the proton and the neutron parts:
Tˆkin =
∑
k1k2
tk1k2c
†
k1
ck2 =
∑
k1k2Z
tk1k2c
†
k1
ck2 +
∑
k1k2N
tk1k2c
†
k1
ck2 (C.3)
Our goal is to calculate:
eNZkin (~q, ~q
′,Ω) =
L∑
lZ=1
L∑
lN=1
ylZylN ekin(~q, ~q
′,Ω, ϕlZ , ϕlN ) (C.4)
with
ekin(~q, ~q
′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|TˆkinRˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(C.5)
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In order to lighter the expressions we will use ~α = ~q, ~q ′,Ω .
eNZkin (~q,Ω) =
L∑
lZ=1
L∑
lN=1
ylZ (~α, ϕlZ )ylN (~α, ϕlN )
×
[ ∑
k1k2Z
tk1k2
〈ΦZ |c†k1ck2Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
+ Z ↔ N
]
=
L∑
lZ=1
L∑
lN=1
ylZ (~α, ϕlZ )ylN (~α, ϕlN )
[ ∑
k1k2Z
tk1k2
〈ΦZ |c†k1ck2Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
+ Z ↔ N
]
1
=
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2Z
tk1k2
〈ΦZ |c†k1ck2Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
+ Z ↔ N
=
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2Z
tk1k2〈ΦZ |c†k1ck2 [Mˆ(Ω, ϕlZ )]|ΦZ〉+ Z ↔ N
=
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2Z
tk1k2
〈ΦZ |c†k1ck2 [Mˆ(Ω, ϕlZ )]|ΦZ〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
+ Z ↔ N
=
L∑
lZ=1
ylZ (~α, ϕlZ )Tr(tρ(q,Ω, ϕlZ )) +
L∑
lN=1
ylN (~α, ϕlN )Tr(tρ(~α, ϕlN ))
= Tr[tρ10,Z(~α)] + Tr[tρ10,N(~α)] (C.6)
where
ρ10,τ (~α) =
L∑
lZ=1
ylZ (~α, ϕlZ )ρ(~α, ϕlZ ) (C.7)
C.0.2 Two-body terms
The two body part is:
Vˆ =
∑
k1k2k3k4
v¯k1k2k3k4c
†
k1
c†k2ck4ck3 (C.8)
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As before our goal is to calculate;
eNZ2b (~q, ~q
′,Ω) =
L∑
lZ=1
L∑
lN=1
ylZylN e2b(~q, ~q
′,Ω, ϕlZ , ϕlN ) (C.9)
with ;
e2b(~q, ~q
′,Ω, ϕlZ , ϕlN ) =
〈Φ(~q)|Vˆ Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
〈Φ(~q)|Rˆ(Ω)eiϕlZ NˆZeiϕlN NˆN |Φ(~q ′)〉
(C.10)
Using the Wick theorem;
V (~q,Ω, ϕlZ , ϕlN ) =
1
4
∑
k1k2k3k4
v¯k1k2k3k4〈Φ|Φ˜〉−2{〈Φ|c†k1ck3|Φ˜〉〈Φ|c†k2ck4|Φ˜〉
−〈Φ|c†k1ck4|Φ˜〉〈Φ|c†k2ck3|Φ˜〉+ 〈Φ|c†k1c†k2|Φ˜〉〈Φ|ck4ck3|Φ˜〉}
=
1
2
∑
k1k2k3k4
v¯k1k2k3k4〈Φ|Φ˜〉−2{〈Φ|c†k1ck3|Φ˜〉〈Φ|c†k2ck4|Φ˜〉
+
1
2
〈Φ|c†k1c†k2|Φ˜〉〈Φ|ck4ck3|Φ˜〉} (C.11)
The first term is called Hartree-Fock. The second is the pairing term. We
calculate them separately. We will use the following definitions, which are
the generalization of 3.14 and 3.15 but using the generalized density and
pairing tensors B.35:
Γ10,ττ
′
ll′ (~α, ϕlZ ) =
∑
kk′
v¯lkl′k′ρ
10
k′k(~α, ϕlτ ) (C.12)
∆10,τll′ (~α, ϕlZ ) =
∑
kk′
v¯ll′kk′κ
10
kk′(~α, ϕlτ ) (C.13)
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Hartree-Fock terms
eZNV,HF (~α) =
1
2
L∑
lZ=1
L∑
lN=1
ylZ (~α, ϕlZ )ylN (~α, ϕlN )
∑
k1k2k3k4
v¯k1k2k3k4{〈Φ|c†k1ck3|Φ˜〉〈Φ|c†k2ck4|Φ˜〉}
〈Φ|Φ˜〉2
= eZV,HF1(~α) + e
NZ
V,HF2
(~α) + eZNV,HF3(~α) + e
N
V,HF4
(~α) (C.14)
In term 1; k1, k2, k3, k4 Z. In term 1; k1, k2, k3, k4  N .For term 3 k1, k3  Z
and k2, k4  N .For the last one k1, k3  N and k2, k4  Z.
eZHF1(~α) =
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
L∑
lN=1
ylN (~α, ϕlN )
∑
k1k2k3k4Z
v¯k1k2k3k4
× 〈ΦZ |c
†
k1
ck3Rˆ(Ω)e
iϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
× 〈ΦZ |c
†
k2
ck4Rˆ(Ω)e
iϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2k3k4Z
v¯k1k2k3k4ρk3k1(~α, ϕlZ )ρk4k2(~α, ϕlZ )
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2k3k4Z
v¯k1k2k3k4ρk3k1(~α, ϕlZ )ρk4k2(~α, ϕlZ )
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k3Z
Γ10,Z,Zk3k1 (~α, ϕlZ )ρk3k1(~α, ϕlZ )
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )Tr
{
Γ10,ZZ(~α, ϕlZ )ρ
10(~α, ϕlZ )
}
(C.15)
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The expression for eZV,HF2(~α) is the same as (C.15) exchanging Z ↔ N . For
term number three;
eZNV,HF3(~α) =
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
L∑
lN=1
ylN (~α, ϕlN )
∑
k1,k3Z
k2,k4N
v¯k1k2k3k4
× 〈ΦZ |c
†
k1
ck3Rˆ(Ω)e
iϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
× 〈ΦN |c
†
k2
ck4Rˆ(Ω)e
iϕlN NˆN |ΦN〉〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
L∑
lN=1
ylN (~α, ϕlN )
∑
k1,k3Z
k2,k4N
v¯k1k2k3k4ρk3k1(~α, ϕlZ )ρk4k2(~α, ϕlN )
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
L∑
lN=1
ylN (~α, ϕlN )
∑
k1k3Z
Γ10,Z,Zk3k1 (~α, ϕlN )ρk3k1(~α, ϕlZ )
=
1
2
L∑
lN=1
ylN (~α, ϕlN )
∑
k1k3Z
Γ10,ZNk3k1 (~α, ϕlN )ρ
10,Z
k3k1
(~α)
=
1
2
L∑
lN=1
ylN (~α, ϕlN )Tr
{
Γ10,Z,N(~α, ϕlN )ρ
10,Z(~α)
}
(C.16)
and finally fourth term is obtained exchanging Z ↔ N in (C.16) .
Pairing term
eNZV,EP (~q,Ω) =
1
4
L∑
lZ=1
L∑
lN=1
ylZ (~α, ϕlZ )ylN (~α, ϕlN )∑
k1k2k3k4
v¯k1k2k3k4{〈Φ|c†k1c†k2|Φ˜〉〈Φ|ck4ck3 |Φ˜〉}
〈Φ|Φ˜〉2
= eZV,EP1(~q,Ω) + e
N
V,EP2
(~q,Ω) (C.17)
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In the first one; ki  Z and in the second ki  N ∀ i  4
eZV,EP1(~α) =
1
4
L∑
lZ=1
ylZ (~α, ϕlZ )
L∑
lN=1
ylN (~α, ϕlN )
∑
k1k2k3k4Z
v¯k1k2k3k4
× 〈ΦZ |c
†
k1
c†k2Rˆ(Ω)e
iϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
× 〈ΦZ |ck4ck3Rˆ(Ω)e
iϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
〈ΦZ |Rˆ(Ω)eiϕlZ NˆZ |ΦZ〉〈ΦN |Rˆ(Ω)eiϕlN NˆN |ΦN〉
=
1
4
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2k3k4Z
v¯k1k2k3k4κ
10
k3k4
(~α, ϕlZ )κ
01
k1k2
(~α, ϕlZ )
=
1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2Z
∆10k1k2(~α, ϕlZ )κ
01
k1k2
(~α, ϕlZ )
= −1
2
L∑
lZ=1
ylZ (~α, ϕlZ )
∑
k1k2Z
∆10k1k2(~α, ϕlZ )κ
01
k2k1
(~α, ϕlZ )
= −1
2
L∑
lZ=1
ylZ (~α, ϕlZ )Tr{∆10(~α, ϕlZ )κ01(~α, ϕlZ )} (C.18)
and the same expression for epiV,EP2(~q,Ω) exchanging Z ↔ N in (C.18) .
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